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Abstract

We have used high-temperature ab initio molecular dynamic simulations to study the equation of state of
orthorhombic MgSiO3 perovskite under lower mantle pressure^temperature conditions. We have determined the
Gru«neisen parameter, Q, as a function of volume. Our state-of-the-art simulations, accurate to within 10%, resolve the
long-standing controversy on thermal expansion (K) and Gru«neisen parameter of MgSiO3 perovskite. Under ambient
conditions we find the values for K and Q of 1.86U1035 K31 and 1.51, respectively, in excellent agreement with the latest
experimental studies. Calculated elastic constants and the static equation of state at 0 K agree well with previous
simulations. We have found no evidence for the high-temperature phase transitions of orthorhombic MgSiO3

perovskite to cubic or tetragonal phases at mantle temperatures. ß 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Despite the fact that (Mg,Fe)SiO3 perovskite
(Mg-pv) is the major phase in the lower mantle,
many of its physical properties are still relatively
poorly known. For example, its equation of state
(EOS) is relatively well known only at 298 K [1,2],
while at lower mantle pressures and temperatures
di¡erent experiments are in strong disagreement
with each other. Elastic constants have been
studied experimentally only under ambient condi-
tions [3], and the thermal expansion of Mg-pv,

crucial for models of the lower mantle composi-
tion and dynamics, is poorly known even under
ambient conditions (for a discussion see [4]). For
the Gru«neisen parameter, Q, the reported values
under ambient conditions are scattered between
1.2 and 2.0, and its volume dependence parame-
ter, q = d ln Q/d ln V, is uncertain, roughly between
1 and 2.5.

Here we report on our ab initio calculations of
the static EOS and elastic properties, and ab initio
molecular dynamic (AIMD) simulations of ther-
mal expansion and the Gru«neisen parameter,
Q(V). Compared to previous calculations [5^9]
we take advantage of recent advances in quantum
mechanics: derivation of the gradient corrected
density functionals [10], ultrasoft pseudopotentials
[11], and their implementation in the fast and sta-
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ble VASP code [12]. These advances allowed us to
perform accurate and e¤cient calculations of the
EOS of Mg-pv, its elastic constants and the ¢rst
realistic AIMD simulations of this phase under
lower mantle P/T conditions.

2. Computational methodology

Our plane wave pseudopotential calculations
were performed on the CRAY T3E supercom-
puter at Manchester Computer Centre. The pseu-
dopotentials for Mg and Si are norm-conserving
[13] with partial core corrections, while an ultra-
soft pseudopotential was used for O. All the pseu-
dopotentials are non-local. The core radii are 1.06
Aî for Mg (valence con¢guration 3s23p03d0), 0.95
Aî for Si (3s23p23d0) and 0.82 Aî for O (2s22p43d0).
The use of an ultrasoft pseudopotential for oxy-
gen allowed us to use a relatively small basis set
with the plane wave cut-o¡ energy of 500 eV with-
out any loss of accuracy and with excellent con-
vergence of all properties with respect to the basis
set size (the Pulay stress was only 0.05 GPa).

2.1. Static elastic constants and static EOS

A 2U2U2 mesh for the Brillouin zone sam-
pling and full symmetry were used. The ground
state was found by solving the Kohn^Sham equa-
tions self-consistently to within 5U10310 eV/
atom; the structure was optimised using conju-
gate gradients to within 5U10310 eV/atom. Elastic
constants (Cij) were calculated from non-linear
stress^strain relations [9]. These calculations
were performed at nine pressures in the pressure
range of 317 to 150 GPa. The bulk and shear
moduli K and G, obtained as Voigt^Reuss^Hill
averages, were used for calculating compressional
(VP) and shear (VS) sound velocities.

2.2. AIMD simulations

We used an 80-atom supercell (2aU2bU1c
Pbnm-supercell), y-point for the Brillouin zone
sampling, and a timestep of 1 fs; for each con¢g-
uration the ground state was found self-consis-
tently to within 6.25U1038 eV/atom. Simulations

were run in the constant NVT ensemble with the
Nosë thermostat for at least 0.8 ps after equilibra-
tion. The thermostat mass was optimised so as to
produce temperature oscillations with a period of
atomic vibrations. Our AIMD runs, although rel-
atively short, proved to be su¤cient for obtaining
well-converged statistical averages for the stress
tensor.

2.3. Convergence tests

All computational conditions (plane wave cut-
o¡, Brillouin zone sampling, supercell size, AIMD
run length and timestep, thermostat mass, etc.)
were carefully tested. Uncertainties in the calcu-
lated values are within 1% for diagonal and 2.5%
for o¡-diagonal elastic constants, within 1% for
the bulk and shear moduli, and 10% for the
Gru«neisen parameter.

Table 1
Structure and elasticity of MgSiO3 perovskite at P = 0:
theory and experiment

Property LDAa GGAb GGAc Exp. [3,15]

V0 (Aî 3) 162.47 168.04 162.40 162.45

a0 (Aî ) 4.7891 4.8337 4.7765 4.7747
b0 4.9219 4.9830 4.9333 4.9319
c0 6.8925 6.9767 6.8919 6.8987

C11 (GPa) 487 444 493 482
C22 524 489 546 537
C33 456 408 470 485
C12 128 110 142 144
C13 144 126 146 147
C23 156 136 160 146
C44 203 194 212 204
C55 186 172 186 186
C66 145 131 149 147

K (GPa) 257.8 231.3 266.7 264.0
G 174.7 162.3 178.7 177.4

VP (km/s) 10.935 10.640 11.091 11.042
VS (km/s) 6.524 6.405 6.598 6.574
aResults of Karki ([9] and personal communication, 1997).
bUncorrected GGA (this work).
cCorrected GGA (this work).
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3. Results and discussion

3.1. Pressure correction

Present-day density functional calculations are
known to systematically over- or underestimate
the molar volume of solids by a few percent, de-
pending on whether LDA or GGA is used for
exchange correlation. This systematic error a¡ects
the calculated zero pressure elastic and vibrational
properties; more accurate results are obtained
when the experimental volume is ¢xed [14].
Although the pseudopotential LDA calculations
of Karki ([9] and personal communication, 1997)
give the unit cell volume and elastic constants al-
most within the experimental uncertainty (Table
1), this is probably because of a cancellation of
the LDA- and pseudopotential errors ; normally
LDA underestimates lattice parameters. As ex-
pected, our GGA calculations give unit cell pa-
rameters ca. 1% higher and elastic constants
some 10^20% lower than the experiment. How-
ever, at the experimental unit cell volume (162.4
Aî 3)1, GGA yields extremely accurate elastic con-
stants (Table 1) and volume dependences of elas-
tic properties very similar to the LDA results (Fig.
1). Since the GGA calculations correctly repro-
duce properties at each volume, we can obtain

the correct pressure dependence of the properties
if the GGA pressure is modi¢ed to match the true
P(V) dependence:

Ptrue
total�V ;T� � PGGA

st �V� � Pth�V ;T�3vP�V� �1�

A simple constant shift in pressure (vP) brings
the EOS to excellent agreement with the LDA
calculations and experiment (Fig. 2). Matching
the ambient conditions volume to 162.4 Aî 3 and
using Q from AIMD (see below) we estimate
vP = 12.08 GPa; the corrected pressures are
used throughout in this paper.

3.2. Q(V) from AIMD

The Gru«neisen parameter, Q(V), was calculated
from the thermal pressure: Pth(V,T) =
Q(V)Eth(V,T)/V, where the thermal energy Eth is
simply (3N33)kBT (per supercell containing N
atoms) in classical molecular dynamics. Classical
approximation always gives the high-temperature
limit values for Q(V) [17], which is a good approx-
imation even at low temperatures, because Q
varies only slightly with T.

The thermal pressure was calculated from the
di¡erences in stress tensors obtained in static
(T = 0 K) and AIMD simulations at 500 and
1500 K using lattice parameters optimised at
0 K. Static structure optimisation was performed

Fig. 1. Bulk and shear moduli of MgSiO3 perovskite as a
function of volume. Solid lines: GGA (this study); dashed
lines: LDA (B. Karki, 1997, personal communication), dia-
monds: experimental data [3].

Fig. 2. EOS of MgSiO3 perovskite. Lower dashed line:
athermal LDA (B. Karki, 1997, personal communication),
upper dashed line: athermal GGA, solid line: GGA shifted
in pressure, e¡ectively at 298 K. Experiments at 298 K:
small circles [16], large solid circles [1], diamonds [2].

1 With the unit cell shape and atomic positions allowed to
relax.
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under the ambient conditions volume and at static
pressures of 50, 100 and 150 GPa using the same
supercell and computational conditions as in
AIMD simulations. Under ambient conditions
we ¢nd Q0 = 1.51 þ 0.1 similar to 1.5 þ 0.2 preferred
in [4] ; q varies with volume from 1.27 at 162.4 Aî 3

to 0.26 at 120 Aî 3. The Q(V) calculated from
AIMD is shown in Fig. 3; in line with [17], the
Debye model gives poor results for Q(V).

3.3. Elastic constants and EOS

Table 2 gives elastic constants at pressures up

to 150 GPa at 298 K. These are in excellent agree-
ment with previous static LDA calculations [7,9].

Fitting the Vinet EOS [18] to our athermal P(V)
data up to 150 GPa, we obtain V0 = 160.3 Aî 3,
K0 = 279.7 GPa and KP= 4.02. On the basis of
this static EOS and our calculated Q(V) we con-
struct the Mie^Gru«neisen thermal EOS:

P�V ;T� � Pst�V� � Q �V�Eth�V ;T�=V �2�

Fig. 3. Q(V) function. Solid squares: AIMD results; solid
line: best ¢t (Q= Q0(V/V0)1:27262�1:67772x, where x = ln(V/V0),
Q0 = 1.506, V0 = 162.40 Aî 3). Dashed curve: Debye model
based on ab initio elastic constants.

Table 2
Elastic properties of MgSiO3 perovskite as a function of pressure (at 298 K)a

Pressure
(GPa)

0 30 60 90 120 150

V0 (Aî 3) 162.4 148.0 138.1 130.6 124.5 119.5

C11 (GPa) 492 629 746 851 947 1036
C22 550 727 888 1044 1196 1344
C33 472 661 833 995 1150 1298
C12 142 246 349 449 546 639
C13 148 216 287 360 433 505
C23 160 237 311 385 457 528
C44 213 264 309 351 394 433
C55 187 221 247 272 296 319
C66 154 206 249 293 338 384

K (GPa) 267 379 483 583 681 775
G 180 225 261 294 325 355
aCij values in this table were obtained using third order polynomials ¢tted to the Cij directly calculated at nine pressures between
317 and 150 GPa; elastic constants at 0 GPa di¡er slightly from those in Table 1.

Fig. 4. Thermal expansion of MgSiO3 perovskite. Solid lines:
calculations at 0, 50, 100 and 150 GPa (from the top to the
bottom). Empty circle: calculation using Q from AIMD and
experimental CV. Solid horizontal lines: direct AIMD results
at 38 and 88 GPa between 1500 and 3500 K. Experimental
data at 0 GPa: squares [15], lines 1 [22], 2 [23], 3 [20], 4 [21],
5 [2].
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Unlike Q(V), thermal EOS cannot be calculated
within the classical approximation; one needs to
go beyond classical molecular dynamics and in-
troduce quantum corrections in Eth. We did this
using the Debye model for Eth : although crude
for Q, it gives accurate heat capacity, CV, and
Eth for Mg-pv above 500 K [17] and correct
low-temperature behaviour. Errors in the EOS
due to the use of the Debye model are within
0.2 GPa and tend to zero at high temperatures.
At room temperature V0 = 162.4 Aî 3 (¢xed),
K0 = 266.7 GPa, KP= 4.10. EOS parameters at sev-
eral other temperatures are listed in Table 3.

3.4. Thermal expansion

Calculating thermal expansion as K= QCV/KTV,
under ambient conditions we obtain
K0 = 1.60U1035 K31 if the heat capacity CV was
obtained using the Debye model, or 1.86U1035

K31 with experimental CV [19]. In Fig. 4 we com-

pare our calculated thermal expansion with sev-
eral experimental sets. Our results strongly sup-
port the lower experimental values [2,20,21].
Table 4 gives a summary of thermoelastic param-
eters of Mg-pv in comparison to several ab initio
and experimental studies.

Using AIMD, we optimised the cell parameters
at ¢ve points, (1500 K; 38 GPa), (2500 K, 38
GPa), (3500 K; 38 GPa), (1500 K; 88 GPa) and
(3500 K; 88 GPa), by making the stress ten-
sor equivalent to the target pressure to within
1 GPa. Thermal expansion values, determined di-
rectly from the optimised cell volumes, are con-
sistent with those determined from Q to within
several percent. The equilibrium cell remained or-
thorhombic even at the highest probed tempera-
tures, suggesting that phase transitions to a cubic
or tetragonal phase are unlikely within the lower
mantle. However, other factors (system size, ki-
netics, defects) still need to be analysed to make
the ¢nal conclusion.

Table 3
Ab initio thermal EOS of MgSiO3 perovskite

T
(K)

static 0 1500 2000 2500 3000 4000

V0 (Aî 3) 160.2 162.1 167.9 170.9 174.2 177.9 187.2
K0 (GPa) 279.7 269.9 228.3 210.6 192.3 173.5 134.4
KP 4.02 4.07 4.36 4.49 4.63 4.78 5.13

Table 4
Thermoelastic parameters of MgSiO3 perovskite from theory and experiment

Source V0 K0 KP (DKT/DT)P D2KT/DPDT Q0 q K0

(Aî 3) (GPa) (1033GPa/K) (1035 K31) (1035 K31)

Ab initio simulations :
LDA [8] 160.74 266 4.2 ^ ^ ^ ^ ^
LDA [6] 157.50 259 3.9 ^ ^ ^ ^ ^
LDAa 162.47 257 4.02 ^ ^ ^ ^ ^
GGA (this work) (162.4) 267 4.10 321 15 1.51 1.27 to 0.26 1.86
Experiment :
[2] 162.3 259.5 3.69 317 ^ (1.4) 1.4 1.8^2.2
[24] (162.3) (261) (4) 328 ^ 1.42 2.0 1.7
[25]b (162.2) (261) (4) 322 8 1.25 1 1.65
Experimental range 162.4 þ 1 247^272 3.6^7 317 to 363 ^ 1.3^2.2 V1^2.5 1.4^3.3
aResults of Karki ([9] and personal communication, 1997).
bApproach in [25], based on Raman spectroscopic measurements combined with experimental room temperature EOS, resulted in
several distinct models. Numbers given here correspond to the model preferred in [25].
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