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a b s t r a c t
The high throughput approaches aim to discover, screen and optimize materials in a cost-effective
way and to shorten their time-to-market. However, computational approaches typically involve a
combinatorial explosion problem, to deal with which, we adopted hybrid evolutionary algorithms
together with ﬁrst-principle calculations to explore possible stable and metastable crystal structures
of ZrO2 –SiO2 dielectrics. The calculation reproduced two already known structures (I41 /amd-ZrSiO4
and I41 /a-ZrSiO4 ) and predicted two new thermodynamically metastable structures Zr3 SiO8 (P 4̄3m)
and ZrSi2 O6 (P 3̄1m). At ambient pressure, the only thermodynamically stable zirconium silicate is
I41 /amd-ZrSiO4 (zircon). Dynamical stability of the new phases has been veriﬁed by phonon calculations,
and their static dielectric constants are higher than that of the known phases of ZrSiO4 . Band structure,
density of state, electron localization function and Bader charges are presented and discussed. The new
metastable structures are insulators with the DFT band gaps of 3.65 and 3.52 eV, respectively. Calculations
show that P 4̄3m-Zr3 SiO8 has high dielectric constant (∼20.7), high refractive index (∼2.4) and strong
dispersion of light. Global optimization of the dielectric ﬁtness (electric energy density) shows that
among crystalline phases of ZrO2 –SiO2 , maximum occurs for I41 /a-ZrSiO4 .
© 2014 Elsevier B.V. All rights reserved.

1. Introduction
To speed up the process of materials discovery, the high
throughput concept has been introduced into the recent Materials
Genome Initiative project [1–3]. Besides high throughput (combinational) experiments, computational approaches could further
accelerate the discovery, screening and optimization process for
complex materials systems. Finding the global optimum of both
the energy and any other physical property is essentially a combinatorial problem. However, very large numbers of atomic combinations result in a very complex structure–property hypersurface,
in which it could be very diﬃcult to locate the global and relevant local minima. Here we apply state-of-the-art computational
methodologies to optimize, through structural or chemical modiﬁcation, the properties of zircon (ZrSiO4 ), a well-known material
possesses many useful chemical and physical properties that enable it to play a signiﬁcant role as a versatile functional material in
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both the metallurgical industry and the electronic industry. ZrSiO4
has exceptional low oxygen permeation rate, low thermal conductivity, and low coeﬃcient of thermal expansion in the temperature
range from room temperature to 1500 ◦ C as well as good thermal shock resistance, which makes it an important candidate for
high-temperature structural materials and anti-oxidation protective coatings [4–6]. High refractive index (1.93–2.01) and strong
dispersion make ZrSiO4 a preferred opaciﬁer in the ceramic glaze
industry [7]. In the electronics industry, it excites an increasing interest in the search for high-κ dielectrics (i.e. materials with high
dielectric constant) for the sake of avoiding direct tunneling current induced by the continuous minimization of complementary
metal-oxide semiconductor (CMOS) devices [8]. Like our previously investigated HfO2 –SiO2 system [9], the ZrO2 –SiO2 system is
promising for use as a gate dielectric material in the microelectronic industry because of its relatively higher dielectric permittivities (7.9–13) compared to α -quartz (3.9), wide band gap, large
band offsets and excellent interfacial stability with Si [10].
The electronic properties of zircon are well known: its static
dielectric constant is around 12.7 [11], and its bandgap is about
6.5 eV [12]. Although other zirconium silicates are also known, so
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Fig. 1. Thermodynamics of ZrO2 –SiO2 compounds found by USPEX.

far most experimental and theoretical studies have focussed on the
thermodynamically stable one, zircon (space group I41 /amd) and
the amorphous structures, but much less attention has been paid
to other possible crystal structures of ZrO2 –SiO2 compounds and
their corresponding electronic and dielectric properties.
2. Computational methodology
To ﬁnd optimal compositions and the corresponding crystal structures, we performed variable-composition search of the
ZrO2 –SiO2 system using the USPEX code [13–16], in conjunction
with ﬁrst principles structural relaxations using density functional theory (DFT) within the Perdew–Burke–Ernzerhof (PBE)
generalized gradient approximation (GGA) [17], as implemented
in the VASP package [18]. We employed projector augmented
wave (PAW) [19] potentials with four valence electrons for Zr
(4d2 5s1 5p 1 ), four for Si (3s2 3p 2 ), and six for O (2s2 2p 4 ). The
wave functions are expanded in a plane-wave basis set with a kinetic energy cutoff of 600 eV and Monkhorst–Pack meshes [20]
for Brillouin zone sampling with reciprocal space resolution of
−1

2π × 0.06 Å .
We used the VASP package to carefully reoptimize the obtained
structures before calculating the band structure, electronic density
of state (DOS), static dielectric constant and optical properties of
Zr3 SiO8 and ZrSi2 O6 . For these relaxations, we also used the planewave cutoff of 600 eV. A 9 × 9 × 9 k-point grid was used to relax
the structures and a 19 × 19 × 19 k-point grid was employed to
calculate the DOS. Phonopy package [21] was used to calculate the
phonon dispersion curves using 2 × 2 × 2 supercells. Bader analysis
was performed using the code [22,23].
3. Results and discussions
3.1. Crystal structure prediction and structural properties
The variable-composition evolutionary algorithm [13,14], which
has been applied in a number of studies [24–26], can eﬃciently
predict stable and metastable compounds (and their structures)
in multicomponent systems. In our variable-composition searches,
all possible ZrO2 –SiO2 compounds (with up to 30 atoms in the
unit cell) were allowed, and calculations were set to run up to 40
generations; 80 structures were randomly produced as the initial
generation and all subsequent generations contained 40 structures.
40% of the new structures were produced by a heredity operator, 20% by softmutation, 20% by random generation, and 20%
by transmutation. The thermodynamic stability of the structures
was analyzed using the convex hull construction (Fig. 1) that was

also used to deﬁne “ﬁtness” for each structure in the evolutionary
search.
Our crystal structure prediction gave four distinct stable or
metastable crystal structures of zirconium silicates among a number of crystalline forms of ZrO2 –SiO2 at ambient pressure and
zero Kelvin: ZrSiO4 (I41 /amd), ZrSiO4 (I41 /a), Zr3 SiO8 ( P 4̄3m)
and ZrSi2 O6 ( P 3̄1m). Among these four structures, P 4̄3m-Zr3 SiO8
[Fig. 2(a)] and P 3̄1m-ZrSi2 O6 [Fig. 2(b)] that have not been previously reported. The enthalpies of formation of the all the structures
discovered by USPEX are shown in Fig. 1. Our calculations conﬁrm
that zircon is the only thermodynamically stable zirconium silicate, while the other three phases (I41 /a-ZrSiO4 , P 4̄3m-Zr3 SiO8 ,
P 3̄1m-ZrSi2 O6 ) are metastable. For ZrO2 , the P 21 /c-ZrO2 phase
(baddeleyite) is found to be the most thermodynamically stable
phase at normal conditions in the framework of DFT–GGA, which
agrees with experiments [27]. I 4̄2d-SiO2 (a beta-cristobalite phase)
has the lowest energy in the framework of DFT–GGA, which conﬂicts with the fact that α -quartz ( P 31 21) is the stable form at normal conditions. This error of DFT–GGA for SiO2 has been reported
before [28], and has roots in the tendency of the GGA to overestimate stability of lower-density structures. The computed energy
difference between I 4̄2d-SiO2 and P 31 21α -quartz is, however, very
small – 0.01 eV/atom. In addition to the search for stable phases,
we have also performed variable-composition searches targeting
the maximum value of the electric energy density (see below).
Structural parameters and energetics of I41 /amd-ZrSiO4 ,
I41 /a-ZrSiO4 , P 4̄3m-Zr3 SiO8 and P 3̄1m-ZrSi2 O6 are presented in
Table 1. Phonon calculations show the absence of imaginary
phonon frequencies [Fig. 2(c) and (d)], which veriﬁes the dynamical stability of these phases.
3.2. Electronic structure
Both Zr3 SiO8 ( P 4̄3m) and ZrSi2 O6 ( P 3̄1m) have pronounced
band gaps (DFT gaps are close to 4.0 eV, Fig. 3). The highest occupied bands of Zr3 SiO8 , as shown in Fig. 3(a), have high occupancy
of both Zr-d and O-p orbitals, which implies a strong hybridization of Zr-d and O-p valence states. The highest occupied states in
ZrSi2 O6 [Fig. 3(b)] are derived predominantly from O-p orbitals.
Electron localization function (ELF) is useful in revealing information about the bonding features and valence electron conﬁguration of atoms in a compound [29]. ELF plots [Fig. 3(c) and (d)]
show that valence electrons localize on O atoms. To obtain further insight, we analyzed total electron density using the Atoms in
Molecules (AIM) theory developed by Bader [22,23]. For Zr3 SiO8 ,
Zr atoms have a charge +2.33, i.e. contribute 2.33 electrons/atom,
Si atoms contribute 3.15 electrons/atom while O1 atoms get
1.42 electrons/atom and O2 get 1.11 electrons/atom. Thus,
a substantial degree of ionicity exists in Zr3 SiO8 . Fig. 3(d)
shows that valence electrons in ZrSi2 O6 are mainly concentrated
around O atoms. Bader charge analysis of ZrSi2 O6 indicates that
Zr atoms contribute 2.42 electrons/atom, Si atoms contribute
3.19 electrons/atom while O atoms get 1.46 electrons/atom, which
again shows a signiﬁcant degree of ionicity of bonding.
3.3. Dielectric and optical properties
To explore the high-κ materials with high electric energy
storage capacity, we also performed variable-composition USPEX
searches but with a ﬁtness function related to the electric energy
density [9]. It is expressed by Eq. (1), where E BI is the intrinsic
breakdown ﬁeld, E g is the bandgap, κ is the average static dielectric constant and E gc = 4 eV, which refers to the critical bandgap
value separating materials into semiconductors (below E gc ) and insulators (above E gc ). For the semiconductors, α = 3, while for the
insulators, α = 1.
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Fig. 2. (Color online.) Crystal structure of (a) P 4̄3m-Zr3 SiO8 , Zr is at 3c (0.5, 0, 0.5); Si at 1a (0, 0, 0); O1 at 4e (0.1924, 0.8076, 0.8075); O2 at 4e (0.3042, 0.6958, 0.3042) and
(b) P 3̄1m-ZrSi2 O6 , Zr is at 1a (0, 0, 0); Si at 2d (0.3333, 0.6667, 0.5); O at 6k (0.3626, 0.3626, 0.2847) at ambient pressure. Phonon dispersion curves of (c) P 4̄3m-Zr3 SiO8 ;
and (d) P 3̄1m-ZrSi2 O6 at ambient pressure. Green spheres (contained in the green polyhedra) show Zr atoms; blue spheres – Si; red spheres – O. Polyhedra show the
coordination of Zr atoms (8-fold in Zr3 SiO8 , and 6-fold in ZrSi2 O6 ).
Table 1
Crystallographic data and enthalpies of the formation of zirconium silicates.
Compound

Enthalpy of formation
(eV/atom)

Space group

Lattice
constants (Å)

ZrSiO4

0

I41 /amd

Zr3 SiO8
ZrSiO4

0.074
0.079

P 4̄3m
I41 /a

ZrSi2 O6

0.147

P 3̄1m

a = 6.700
c = 6.012
a = 6.708 [31]
c = 6.04
a = 5.073
a = 4.777
c = 10.596
a = 4.786 [32]
c = 10.659
a = 4.689
c = 4.584

max F ED =

1
2

2
ε0kE BI
= 8.1882 J/cm3 × k( E g / E gc )2α ,

I41 /a-ZrSiO4 , P 4̄3m-Zr3 SiO8 and P 3̄1m-ZrSi2 O6 are presented in
Table 2. In the framework of DFT–GGA calculation, P 4̄3m-Zr3
SiO8 has the highest average static dielectric constant (20.70).
The difference in the static dielectric constant between HfO2 –SiO2
(11–21) [9] and ZrO2 –SiO2 (12–20) is minor, while the bandgap of
HfO2 –SiO2 (4.4–5.4 eV) [9] is higher than ZrO2 –SiO2 (3.5–4.5 eV).
Therefore, HfO2 –SiO2 (130–236 J/cm3 ) [9] compounds have a
higher energy density ﬁtness than ZrO2 –SiO2 (77–129 J/cm3 ) on
the whole.
Colorless zircon is a popular substitute for diamond, because of
its high refractive index, which can be expressed by the following
equations:

R = n + in(im),

(1)

The compositional dependence of the electric energy density of
the crystal structures highlighted by USPEX is shown in Fig. 4.
The tetragonal ZrO2 ( P 42 /nmc) has the highest energy density
(406.3 J/cm3 ) among a number of crystalline forms of ZrO2 . The
tetragonal SiO2 (I41 /amd), which was reported before [3], has the
highest energy density (163.7 J/cm3 ) among SiO2 polymorphs. It is
noteworthy that the ZrO2 –SiO2 compound with the highest energy
density (128.55 J/cm3 ) is ZrSiO4 (I41 /a); this is due to its much
higher permittivity (15.70) and reasonably large band gap (4.0 eV).
Thus, as it emerges from our theoretical calculation, I41 /a-ZrSiO4
is a good candidate for Zr-based dielectrics for electronic applications, e.g. in CMOS devices.
Average static dielectric constant κ , band gap E g , intrinsic
breakdown ﬁeld E BI and energy density F ED of I41 /amd-ZrSiO4 ,

n=



 ε2 + ε2 + ε
 1
1
2

n(im) =

2

(2)



 ε2 + ε2 − ε
 1
1
2
2

(3)

,

,

(4)

where R represents the complex refractive index with the real part
n and imaginary parts n(im). ε1 and ε2 are, respectively, the real
part and the imaginary part of the dielectric function. In our work,
we are mostly concerned with the real part of the refractive index
and ignore its imaginary part because the imaginary part k is almost zero in the visible-light frequency range (1.66 eV–3.27 eV).
Fig. 5 shows the frequency dependence of the refractive indices of
I41 /amd-ZrSiO4 , I41 /a-ZrSiO4 , P 4̄3m-Zr3 SiO8 and P 3̄1m-ZrSi2 O6
in the visible-light frequency range. The result indicates that
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Fig. 3. (Color online.) Band structure and partial densities of states for (a) Zr3 SiO8 and (b) ZrSi2 O6 . The Fermi energy is set to zero. (c) ELF isosurface of Zr3 SiO8 for
ELF = 0.815; (d) ELF isosurface of ZrSi2 O6 for ELF = 0.756. Green spheres show Zr atoms; blue spheres – Si; red spheres – O.
Table 2
Electronic and static dielectric tensors, average static dielectric constant

κ , band gap E g , intrinsic breakdown ﬁeld E BI and energy density F ED of the ZrO2 –SiO2 polymorphs.
κ

Compound
space group

Dielectric tensor (components: 11 22 33)

ε0

ε∞

ZrSiO4
I41 /amd

[12.61 12.50 12.72]

[4.31 4.47 4.21]

12.61
13 [8]

Zr3 SiO8
P 4̄3m
ZrSiO4
I41 /a
ZrSi2 O6
P 3̄1m

[20.71 20.74 20.66]

[5.19 5.19 5.19]

20.70

[16.55 16.54 14.01]

[4.67 4.67 4.63]

15.70

[19.62 19.78 21.42]

[4.16 4.16 4.51]

20.27

Eg
(eV)

E BI
(V/nm)

(J/cm3 )

4.43
4.45 [33]
6.50 [12]
3.65

1.51

125.84

1.03

97.99

1.36

128.55

0.92

77.06

4.00
4.02 [32]
3.52

F ED

P 4̄3m-Zr3 SiO8 has the highest refractive index (2.34–2.54) compared with the other three structures. Zr3 SiO8 can be written as
(ZrO2 )3 –(SiO2 ), so it is a high concentration of ZrO2 (n = 2.13–2.20
[30]) that makes Zr3 SiO8 have such a high refractive index. If
Zr3 SiO8 can be synthesized, it can exhibit both a strong luster
(due to high refractive index) and strong color effects (due to large
dispersion of light).
4. Conclusions
In summary, we have performed searches for stable phases and
for materials with maximum electric energy density ﬁtness in the
ZrO2 –SiO2 system at ambient pressure using variable-composition
evolutionary algorithm. In addition to the well-known compounds,
I41 /amd-ZrSiO4 and I41 /a-ZrSiO4 , we also found two other stoichiometric compounds, P 4̄3m-Zr3 SiO8 and P 3̄1m-ZrSi2 O6 . All of
these phases have a signiﬁcantly ionic bonding character and are
insulators. P 4̄3m-Zr3 SiO8 and P 3̄1m-ZrSi2 O6 have the higher dielectric constants among Zr-based materials. If we simultaneously
optimize the delectric constant, bandgap and breakdown ﬁeld,
I41 /a-ZrSiO4 and I41 /amd-ZrSiO4 are both excellent energy stor-

Fig. 4. DFT band gap (E g ), breakdown ﬁeld (E BI ), dielectric permittivity (κ ), and
energy density ﬁtness (F ED ) for representative ZrO2 –SiO2 compounds.

age materials for electronic applications. P 4̄3m-Zr3 SiO8 can be an
interesting optical material or a gemstone due to its high refractive
index (∼2.4) and dispersion of light.
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Fig. 5. Refractive index as a function of frequency of the investigated crystal structures of ZrO2 –SiO2 polymorphs.
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