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Abstract

Magnetic exchange interactions govern the macroscopic magnetic behavior of solids and underpin
both fundamental spin phenomena and emerging technologies. The accurate and e cient determina-
tion of these interactions is therefore critical for predictive modeling of magnetic materials. Here we
present a systematic rst-principles comparison of three widely used approaches ] the Least-Squares
Total Energy (LSTE), the Four-State Total Energy (FSTE), and the Green’s function-based Liecht-
enstein et al. (LKAG) methods ] applied to thirteen antiferromagnetic compounds. We introduce
an framework for identifying the minimal supercells required for an accurate exchange parameter ex-
traction in the FSTE method, signi cantly reducing computational cost while preserving precision.
Our results show that LSTE and FSTE vyield nearly identical exchange parameters, whereas the
LKAG method reproduces the dominant exchange interactions but exhibits quantitative deviations.
A detailed analysis of computational e ciency versus accuracy reveals that the LSTE scheme o ers
the most favorable balance, establishing a general, reproducible, and scalable work ow for Heisen-
berg mapping, while the FSTE approach remains the most straightforward for extracting speci ¢

exchange interactions.

INTRODUCTION

Magnetic exchange interactions are fundamental
guantum-mechanical quantities that govern the long-
range order of magnetic moments in solids. Arising from
the interplay between the Pauli exclusion principle and
the Coulomb interaction, they underpin the diverse range
of magnetic phenomena observed in materials, including
ferro-, antiferro-, and ferrimagnetism.

Accurate determination of these magnetic exchange
parameters is essential for understanding and predict-
ing magnetic behavior. Derived typically from rst-
principles electronic-structure calculations, they serve as
key inputs to spin models such as the Heisenberg Hamil-
tonian, enabling simulations across multiple length and
time scales. To address this central challenge, a variety of
density functional theory (DFT)-based approaches have
been developed, each o ering distinct balances between
computational cost and accuracy.

A common approach to determine exchange interac-
tions is to evaluate total energy di erences among several
magnetic con gurations obtained from self-consistent

rst-principles calculations. In a total energy method,
the exchange parameters are extracted by mapping the
latter energy di erences onto a spin Hamiltonian, typi-
cally the Heisenberg model. Within this framework, two
widely used techniques are the Least-Squares Total En-
ergy (LSTE) method and the Four-State Total Energy
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(FSTE) method™2, Both rely on total energies computed
from density functional theory, but di er in how the ex-
change constants are obtained: the LSTE approach ts
multiple spin con gurations to minimize deviations from
the model, whereas the FSTE method analytically eval-
uates the interaction between a selected pair of magnetic
atoms using a minimal number of con gurations.

An alternative route to obtaining exchange interac-
tions derives them directly from the electronic structure
of the collinear ground state, thus avoiding multiple total-
energy calculations. In the Green’s function formalism
developed by Liechtenstein et al#{’ often referred to as
LKAG method®, the exchange parameter Jj; is evaluated
perturbatively from the scattering properties of magnetic
sites. Small spin rotations at sites i and j within an
otherwise collinear background induce an exchange en-
ergy that can be expressed as an energy integral over
the spin-resolved Green’s functions, G™ and G*. The dif-
ference between these propagators quanti es how a spin

uctuation at one site a ects another, and, through the
magnetic force theorem, the resulting energy variation is
mapped onto the Heisenberg Hamiltonian. The advan-
tage of this method is that exchange interactions can be
simultaneously obtained for all pairs of interest, and that
the method can be extended to achieve insights even be-
yond the orbitally-resolved origins of any given exchange
interaction®.

Another recent approach is to compute the magnon
dispersion using time-dependent density functional per-
turbation theory and then extract the exchange interac-
tions by applying linear spin-wave theory to that dis-
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persion®.  This procedure mirrors the method used
by experimentalists to determine exchange interactions
from inelastic neutron-scattering data. Although this
approach is quite successful, it is signi cantly more
computationally demanding than the methods discussed
abovetl,

Therefore, in this work, we evaluate the Heisen-
berg exchange interactions for thirteen antiferromagnetic
materials using the three most widely employed rst-
principles-based methods. We systematically compare
their performance in terms of both the magnitude and
trends of the computed exchange parameters, as well
as the associated computational cost. Our analysis re-
veals that the choice of computational approach can
markedly a ect the quantitative and qualitative descrip-
tion of magnetic interactions. By assessing the consis-
tency, strengths, and limitations of each method, this
comparative study o ers practical guidance for selecting
reliable and e cient strategies to investigate magnetism
in complex materials.

The paper is organized as follows. Section outlines the
theoretical and computational frameworks of the LSTE,
FSTE, and Green’s function-based LKAG methods used
in this work. Section presents and discusses the compar-
ative analysis of these methods. Section summarizes our
main ndings and their implications. Finally, Section de-
scribes the computational setup employed to determine
the exchange interactions.

RESULTS

Magnetic exchange interactions from _rst principles

Least-Squares Total Energy (LSTE) method. A
widely used approach for evaluating exchange interac-
tions is the LSTE method, in which the total energies of
multiple magnetic con gurations are tted to a Heisen-
berg Hamiltonian. In this framework, the rst-principles
total energies EPFT of di erent spin arrangements are
mapped onto
1 X

Emodel = 3 Jij Si Sj; 1)
[

where Jjj denote the exchange constants to be deter-

mined. By constructing a system of linear equations that

relate the calculated DFT energies to the model expres-

sion, the problem can be written as

EPFT = AJ; )

where EPFT is the vector of computed total energies,
A is the coe cient matrix associated with each mag-
netic con guration, and J is the vector of the sought
exchange parameters. The exchange constants are then
@tained by minimizing the least-squares functional 2 =

 EDFT  gmodel 2. which leads to the analytical

solution®2
J= ATA 'ATEDFT. )

This procedure yields the set of J;j values that best re-
produce the relative DFT energies. The reliability of the
extracted parameters depends sensitively on the chosen
magnetic con gurations and the number of linearly inde-
pendent equations.

In the LSTE approach, determining n independent ex-
change parameters requires constructing at least n + 1
linearly independent total-energy equations correspond-
ing to distinct magnetic con gurations. To achieve this,
one must employ a suitable supercell. A systematic pro-
cedure for supercell selection has recently been proposed
and implemented in the SUPERHEX code!2. In this
framework, supercells are generated using hermite nor-
mal form matrices, and the null space of the Heisenberg
Hamiltonian coe cient matrix (A) is analyzed to iden-
tify the maximum number of exchange parameters that
can be uniquely determined for each supercell. In the
present work, we employ the smallest suitable supercell
identi ed through this analysis to compute the exchange
interactions within the LSTE method. Subsequently, a
series of magnetic con gurations is generated randomly,
and their number is gradually increased until the calcu-
lated exchange parameters reach convergence.

Four-State Total Energy (FSTE) method. A more di-
rect approach to computing the exchange interactions
is the FSTE method™3, It comprises evaluating the
total energies of four distinct spin con gurations |
combinations of parallel and antiparallel alignments of
the target spin pair, while keeping all other spins xed.
Suppose that our objective is to evaluate the exchange
interaction between a selected pair of sites (i;j). In the
FSTE method, the total energies are computed for four
distinct collinear spin con gurations in which only the
orientations of spins at i and j are reversed, while the
magnetic moments of all other sites are kept xed. De-
note the scalar spin variables sx = 1 for the direction
of Sk and S for the spin magnitude so that Sk = skS 2.
For brevity de ne

> >
A Jik Sk, B
KEi;]) k61;j

ijSk; (4)

and let C collect all contributions that do not depend
on sj or s; (i.e. interactions among the other sites and
constant terms).

The total energy for a general choice (sj;sj) can be
written as

ESiSi = mij Jij g2 SiSj g2 SiA S? sjB + C; (5)
where m;; is the multiplicity, i.e., the number of equiv-
alent bonds associated with this atomic pair within the
supercell, including their periodic images. Now insert
the four collinear con gurations (*;') = (+1;+1), (#;#
Y=L D, "#®H=¢L Dand F™) = ( L+1).



This yields

E" = mijJijSZ S2A SZB"'C;
E* = m;JijS?+S?A+S?B +C;
E* = mj;JiS? S’A+S%B+C;
E* = m;J;S?+S°A S*B+C: (6)

Therefore the exchange parameter can then be extracted
as

— 1 “H# #" HH .

i = Zm, 52 E"+E E E™ @)
Thus, the FSTE method provides a simple and ro-
bust scheme for computing exchange interactions directly
from total energy calculations.

For the calculation of exchange interactions within the
FSTE method, a su ciently large supercell is required.
In practice, however, this aspect is often treated heuristi-
cally, and oversized supercells are chosen without a clear
justi cation. Here, we explicitly formulate the criteria
that a supercell must satisfy for reliable FSTE calcula-
tions and introduce an e cient procedure to determine
the optimal one.

Speci cally, the supercell must ensure that, for every
magnetic-atom pair within the n-th neighbor distance
(where n denotes the maximum interaction range con-
sidered), no periodic image of either atom appears at a
distance shorter than d,. This condition eliminates arti-

cial coupling between periodic replicas and guarantees
that the extracted exchange parameters re ect only the
intended spin interactions.

To identify the optimal supercell that satis es the con-
ditions described above, we have extended the capabili-
ties of the SUPERHEX code. The procedure begins by
generating a set of candidate supercells using SUPER-
HEX. Each supercell is then analyzed to determine which

and independently extracted within its geometry, as well
as to identify the speci c spin pairs whose reversal en-
ables the calculation of each exchange parameter. This
analysis is performed by constructing the neighbor shells
of all magnetic atoms under periodic boundary condi-
tions up to a prede ned cuto distance corresponding
to the maximum exchange range considered. Magnetic
pairs are grouped according to their interatomic dis-
tances, thereby de ning the rst-, second-, and higher-
order neighbor shells. For each candidate exchange inter-
action Jp,, we verify that the corresponding pair set is not
mixed with pairs from other shells through periodic im-
ages or symmetry-equivalent mappings within the super-
cell. Supercells in which a given magnetic pair simultane-
ously appears in di erent neighbor shells are discarded,
since in such cases the associated exchange parameters
cannot be uniquely disentangled from total-energy di er-
ences. In our calculations, the smallest supercell capable
of capturing all desired exchange interactions is selected,
thereby minimizing computational cost while maintain-
ing high accuracy. For all compounds considered in this

work, the FSTE calculations are performed starting from
the ferromagnetic con guration as the initial magnetic
state.

As an illustration, we consider the MgCr,O4 com-
pound, which was the rst system used to demonstrate
the FSTE method!. In that study, a large 2 2 2 su-
percell of the conventional cell (containing 248 atoms)
was employed to calculate four exchange interactions, re-
quiring substantial computational resources. In contrast,
using the method introduced above, we have identi ed a
supercell containing only 56 atoms that is capable of re-
solving the exchange interactions up to the fourth nearest
neighbor, whereas the conventional MgCr,0O,4 cell with
the same number of atoms (56 atoms) allows the calcu-
lation of only the J, exchange interaction (see Fig. [L).

We evaluate the exchange interactions of MgCr,04 us-
ing both the large 2 2 2 supercell and the optimized 56-
atom supercell obtained from the SUPERHEX analysis,
in order to assess the reliability of the results with respect
to the chosen cell size. All calculations are performed
within the GGA+U framework, with on-site Coulomb
and exchange parameters of U = 3 eV and J = 0:9 eV,
respectively, as adopted from Ref. I. A plane-wave en-
ergy cuto of 400 eV is employed in all cases, and the ex-
perimental crystal structure is used without atomic relax-
ation'®. For the large2 2 2 supercell, the extracted ex-
change interactions are J; = 8:80 meV, J, = 0:03 meV,
Jza = 0:63meV,J3y = 0:20 meV, and J4 = 0:05 meV.
These values are in good agreement with those obtained
using the smaller supercell generated by the SUPERHEX
code, which yields J; = 8:67 meV, J, = 0:02 meV,
Jza = 0:44meV,Jday = 0:23meV, and J4 = 0:05 meV,
assuming S = 1.

Green’s functions-based LKAG method. The varia-
tion of the DFT total energy due to small changes in
the directions of the magnetic moments at sites i and j
( Siand Sj) can be related to the exchange interaction
parameter Jjj as®i=:

Eij= Jj Si Sj; ®)
where S is the spin moment. Within the magnetic force
theorem, the total energy variation can be approximated
by the change in the sum of occupied single-particle
eigenvalues, evaluated within the xed ground-state po-
tential:

Z g,

Eij N n()d; )

where n( ) is the electronic density of states and Eg is
the Fermi energy.

To evaluate E;j explicitly, one can employ the Green’s
function formalism, in which the energy change associ-
ated with in nitesimal spin rotations is obtained from
the second-order perturbation theory#i6:

Z Ee
ImTr( H; G Hj G)d ; (10)
a1



where Hj is the perturbation to the Hamiltonian due
to the rotation of the magnetic moment at site i, and
G is the Green'’s function of the unperturbed (collinear)
reference state.

'Replacing H; by the local exchange splitting ; =

H;; H leads to the expression for the exchange inter-
action®>:
1 Z e - #
Jij = 2— 1 ImTr iGij jGji d: (11)

Thus, the Green’s function-based approach of Liecht-
enstein et al. provides adirectand e cient means of eval-
uating the energy variation E associated with in nitesi-
mal spin rotations, allowing the exchange parameters Jj;
to be extracted from rst-principles electronic structure
calculations. Furthermore, because all quantities are ex-
pressed in a local orbital basis, this method naturally
enables an orbital-resolved decomposition of Jij, o er-
ing microscopic insight into the mechanisms of magnetic
coupling.

The calculation of exchange interactions using the
Green’s function-based LKAG method, as implemented
in the TB2J package, can be performed directly on the
ground-state primitive cell, without the need for super-
cells. In this approach, the electronic Green’s function
is required, which depends on a Hamiltonian expressed
in a tight-binding basis. Such a Hamiltonian is typically
constructed either from MLWFs using WANNIER90, or
directly from localized atomic orbitals provided by codes
such as SIESTA. Consequently, the accuracy of the com-
puted exchange interactions depends on the quality of the
underlying localized basis; in particular, for the MLWF
approach, the results are sensitive to the quality of the
Wannierization procedure.

Comparative analysis of the magnetic exchange
interactions

Determining the on-site Coulomb parameter (U) is es-
sential for the GGA+U approach. Although the aim
of this study is not to obtain U values optimized for a
speci ¢ property, such as the transition temperature, a
consistent and practical procedure is applied to all com-
pounds. To this end, hybrid functional (HSE06%) cal-
culations are performed to evaluate the energy di erence
between the antiferromagnetic and ferromagnetic con g-
urations. Subsequently, U is varied within the GGA+U
scheme, and the value that best reproduces the HSEO06
energy di erence between these two magnetic states is
selected as the optimal U. The resulting U values for all
compounds are listed in Table I}

After determining the U parameters, the exchange in-
teractions were calculated using the LSTE, FSTE, and
TB2J methods, each both within the GGA and GGA+U
frameworks. All calculated magnetic exchange interac-
tions are reported in the Supplementary Material*®. The
GGA results are listed in Table S I, and the GGA+U

results are provided in Table S Il. In our calculations,
we assume S = 1. The results are compared from three
perspectives: (1) the precision and numerical stability of
each method, (2) the relative behavior and consistency
of the exchange interactions among the methods, and (3)
the computational cost and e ciency of each approach.

For each compound, we compare the ratios of the
largest and second-largest magnetic exchange interac-
tions obtained from the FSTE and TB2J methods to
those derived from the LSTE approach. The results for
both GGA and GGA+U approximations are presented
in Fig. [2l As shown in Fig. [(a), the ratios of the FSTE
to LSTE exchange interactions for the dominant coupling
(Imax) are generally close to unity within the GGA+U
approximation, indicating excellent agreement between
the two methods. For the second-largest interaction, the
ratios also remain close to unity for most compounds,
except for BiFeOgs, where a moderately deviating value
of approximately 1.5 is obtained. However, since the
magnitude of the second-largest coupling in BiFeOs is
signi cantly smaller than the dominant one, this devi-
ation is negligible in practice. In Fig.[2, lled symbols
denote cases where the FSTE or TB2J methods iden-
tify the same leading exchange interaction (i.e., the same
pair of magnetic ions with the largest jJj value) as the
LSTE method, whereas open symbols denote cases where
a di erent exchange interaction is ranked as dominant.
Overall, the FSTE and LSTE approaches exhibit strong
consistency in predicting the hierarchy of exchange inter-
actions across all studied compounds.

Figure |2| (a) also presents the ratios of exchange inter-
actions obtained from the TB2J using the WANNIER90
interface with respect to those from the LSTE method in
GGA+U framework. For the largest exchange interac-
tion, this ratio varies between 0.1 and 1.93, whereas for
the second-largest exchange interaction it ranges from
0.1 to 2.77. In some compounds, the TB2J (WAN-
NIER90) results demonstrate good agreement with the
LSTE method (shown ratio close to unity), while in
other cases TB2J predicts exchange interactions up to
twice larger than those obtained from LSTE. Part of the
discrepancy between the total-energy methods and the
Green’s function{based LKAG method originates from
the magnetic force theorem, which assumes that small
changes in the directions of magnetic moments do not
a ect the charge density but only the band energies.
Therefore, only the perturbative variations in band en-
ergies caused by changes in the magnetic moment ori-
entations are considered. Recent studies1%2V have
demonstrated noticeable di erences between fully self-
consistent calculations and those based on the magnetic
force theorem, indicating that in some cases these devia-
tions can be signi cant. These di erences become more
pronounced at shorter magnon wavelengths, where -
nite spin rotations beyond the in nitesimal-rotation limit
play an increasing role. In this regime, the magnetic force
theorem does not strictly correspond to total-energy dif-
ferences between magnetic states®. In addition, ligand



spin polarization can contribute to total energy varia-
tions, and its proper treatment can improve the consis-
tency between total-energy-based methods and LKAG-
derived exchange interactions<.

For NiO and MnO, the TB2J code yields two inequiv-
alent rst-neighbor exchange parameters for symmetry-
equivalent Ni{Ni (Mn{Mn) bonds, even though the struc-
tures are fully cubic and free of tilting or rhombohedral
distortion. In the presence of rhombohedral distortion,
such a splitting is expected because small di erences in
bond lengths lead to distinct exchange interactions. How-
ever, even in the undistorted cubic structure, the type-II
antiferromagnetic ordering along the [111] direction re-
duces the symmetry of the magnetic space group relative
to the crystallographic one. Within the LKAG formal-
ism, exchange parameters are obtained as second deriva-
tives of the total energy with respect to in nitesimal ro-
tations of magnetic moments around a chosen magnetic
reference state, and therefore re ect the symmetry of
the magnetic con guration rather than purely the lat-
tice symmetry. In the AFM state, rst-neighbor bonds
connecting parallel spins within the same (111) plane and
antiparallel spins between adjacent planes are not equiv-
alent under magnetic symmetry operations, which can
lead to two distinct J; values even in a cubic lattice??.
In Fig. [2} the larger of the two values is plotted.

Despite  these quantitative di erences, the
TB2J(WANNIER90) approach generally identi es
the same dominant exchange interactions as the LSTE
and FSTE methods. The Pearson correlation coe - cients
between the exchange interactions obtained from the
three methods within the GGA+U framework are
summarized in Table [, Once again, the values close to
unity indicate a strong consistency between methods.
Overall, the high correlation values demonstrate that
all three approaches predict the relative ordering of
exchange interactions consistently. Nevertheless, some
deviations are observed between the TB2J results and
those from the LSTE and FSTE methods.

In Fig. b), the results for the largest and second-
largest exchange interactions obtained within the GGA
approximation are shown. For Fe,TeOg and Fe,Og3, the
FSTE calculations could not be converged due to dif-

culties in stabilizing the required magnetic con gura-
tions. Although constraining elds can in principle be
used to enforce such metastable states, we did not em-
ploy them here because the instability mainly involves
variations in the magnitude of the local moments. In
this case, the constraining elds modify the electronic
structure self-consistently and introduce additional en-
ergy contributions, making the mapping onto a Heisen-
berg model less straightforward. Therefore, only uncon-
strained self-consistent solutions were considered. In the
case of Fe,TeOg, we employed the larger supercell used
in the GGA+U calculations to enable access to a broader
set of magnetic con gurations within the LSTE method.

Overall, the largest and second-largest exchange inter-
actions obtained from the FSTE method relative to the

LSTE method remain close to unity, indicating strong
consistency between the two approaches. Results for a
few compounds, however, exhibit larger deviations be-
tween the methods. Closer examination reveals that
these systems often display a more metallic character in
certain magnetic con gurations, which can a ect the ac-
curacy of total-energy calculations and, consequently, the
extracted exchange parameters.

A notable case is BiFeOgz, where a signi cant di er-
ence is observed between the two methods: JISTE =

69:1 meV and JfSTE = 44:4 meV. In the LSTE
method, the exchange interactions are calculated using
a supercell containing 40 atoms, whereas in the FSTE
calculations, a 50-atom supercell is used. To clarify the
origin of this discrepancy, we recalculated the exchange
interactions within the LSTE method using the same 50-
atom supercell as in the FSTE method. For this su-
percell, we computed the total energies for all possible
distinct magnetic con gurations.

Figure [3 illustrates the convergence behavior of the
largest exchange interaction (J;) as a function of the
number of included magnetic con gurations. Two cases
are shown: in the rst, all magnetic con gurations are
included, while in the second, we exclude con gura-
tions exhibiting stronger metallic behavior, identi ed by
JEC ¥ 0) Ej > 0:01ceV. Here, E( ¥ 0) denotes
the extrapolated total energy in the limit of vanishing
electronic smearing (¥ 0), which corresponds to the
ground-state electronic energy without the entropic cor-
rection arising from partial occupancies. A large di er-
ence between E( ¥ 0) and E indicates a signi cant
contribution from electronic entropy, implying that the
system exhibits partial metallic character in that con-

guration. When all con gurations are considered, the

rst ten correspond exactly to those used in the FSTE
method. As seen in the gure, the J; value initially
matches the FSTE result but gradually decreases as more
con gurations are included, eventually converging to the
value obtained from the restricted (more restrictively in-
sulating) set of con gurations.

We further examined the sensitivity of the FSTE-
derived exchange interactions to the initial magnetic
state. For this purpose, we started from the antiferro-
magnetic con guration and modi ed the magnetic pairs

of BiFeO3 within the GGA framework. The result-
ing exchange interactions are J; = 71:39 meV, J, =
10:37 meV, J3 = 4:48 meV, and J; = 3:62 meV,

in stark contrast to the values obtained when starting
from the ferromagnetic con guration, J; = 44:41 meV,
Jo =5:99 meV, J; = 7:10 meV, and J4 = 6:34 meV. The
exchange interactions obtained from the antiferromag-
netic starting con guration are found to be very close
to those derived from the LSTE method. These results
demonstrate noticeable di erences between the two sets
of parameters, revealing a clear sensitivity of the FSTE-
derived exchange interactions to the chosen initial mag-
netic con guration. We also investigated the same e ect
within the GGA+U framework for the MnO compound.



The obtained exchange parameters are J; = 7:36 meV,
Jo= 6:71meV,Jz= 0:19meV,and J; = 0:28 meV
when starting from the antiferromagnetic con guration,
compared to J; = 8:12 meV, J, = 6:98 meV, J3 =

0:06 meV, and J4; = 0:46 meV when the ferromag-
netic initial con guration is used. In this framework, the
FSTE-derived exchange interactions are clearly less sen-
sitive to the chosen initial magnetic con guration, but
moderate di erences remain.

The TB2J results obtained in the GGA framework,
similar to those using the GGA+U approximation, ex-
hibit deviations from the LSTE and FSTE methods.
To evaluate the sensitivity of the TB2J outcomes to
the Wannierization procedure, we additionally computed
the exchange interactions using the TB2J interface to
the SIESTA package within the same GGA framework.
As shown in Fig. b), the dominant exchange interac-
tions derived from TB2J(SIESTA) closely match those
obtained from TB2J(WANNIER90), although moder-
ate di erences are observed for the second-largest cou-
plings in some compounds. Importantly, the leading ex-
change interactions identi ed by TB2J(SIESTA) are fully
consistent with those from the LSTE method, whereas
TB2J(WANNIER90) exhibits discrepancies in two cases.

Finally, we compare the computational cost of the to-
tal energy methods. The TB2J approach is not included
in this timing comparison because it requires only a sin-
gle DFT calculation on the primitive cell to extract the
full set of exchange interactions. Consequently, its com-
putational cost is orders of magnitude lower and cannot
be compared on equal footing with the supercell-based
FSTE and LSTE methods. Table [[I summarizes the
number of atoms in the supercells used for the FSTE
and LSTE methods, as well as the number of total-energy
calculations required to obtain the desired exchange in-
teractions. For the LSTE method, the number of runs
corresponds to the number of spin con gurations neces-
sary to achieve converged exchange interactions. In most
cases, less than three times the number of exchange in-
teractions is su cient to reach convergence; however, we
report three times this number in the table for consis-
tency, except for the KMnSb compound, which requires
larger number of runs. In the FSTE method, we select
the magnetic pairs involved in all interactions that share
the same atomic sites, so that E™ and E*" are identical
for all exchange interactions. Consequently, 2 (Nj +1)
total-energy calculations are required for each compound.
All data are presented within the GGA+U framework.
The last column of Table [T reports the estimated com-
putational cost, which is de ned as

FtSTE 3 N FSTE

i — atoms runs .

Cost ratio = (N L sTE) NLSTE - (12)
atoms runs

As shown in Table [T, in most cases the supercells re-
quired for the FSTE calculations are larger than those
used in the LSTE method, while the number of magnetic
con guration runs is slightly smaller for FSTE. Conse-
quently, the cost ratio is generally greater than one, in-

dicating that the LSTE method is computationally more
e cient. This is primarily due to the cubic scaling of
the computational cost with the number of atoms, which
dominates over the reduction in the number of runs.
Therefore, in most cases, the LSTE approach is signif-
icantly less computationally demanding than the FSTE
method.

DISCUSSION

In this work, we systematically compared three ap-
proaches | the LSTE, FSTE, and the Green’s function-
based LKAG method as implemented in TB2J | for eval-
uating magnetic exchange interactions in antiferromag-
netic materials. Across a series of transition-metal
compounds, both LSTE and FSTE methods produced
nearly identical dominant exchange parameters, with
strong Pearson correlations. The TB2J results based on
VASP+WANNIER90 reproduced the qualitative trends
of the exchange couplings, although quantitative devi-
ations up to a factor of two were observed for certain
materials.

We also introduced and implemented in the SUPER-
HEX code an automated algorithm to determine the min-
imal supercell required for the FSTE method, providing
a general and e cient route for extracting Heisenberg
exchange parameters. A detailed cost analysis revealed
that the LSTE scheme o ers computational advantage
due to its smaller supercell size and the cubic scaling of
computational expense with system size. Nevertheless,
the FSTE method remains a practical and transparent
option when speci ¢ exchange interactions are of inter-
est. We note however that convergence failures in certain
con gurations, and observed dependence on the initial
magnetic con guration, can render the FSTE approach
unreliable, as it depends on complete convergence of all
target magnetic states. In contrast, the LSTE frame-
work allows for the exclusion of problematic cases while
still yielding stable and accurate exchange parameters
from the remaining data. Overall, our comparative anal-
ysis clari es the strengths and limitations of these widely
used approaches and o ers practical guidance for select-
ing reliable and e cient strategies to evaluate magnetic
interactions in complex materials.

METHODS
Computational details

Most of our rst-principles calculations were per-
formed using the VASP package??, based on the projector
augmented-wave (PAW) method and a plane-wave basis
set. A plane-wave energy cuto of 500 eV was used to en-
sure convergence of the total energies. For Brillouin zone
integration, a k-point mesh with a reciprocal-space reso-
lution of approximately 0.15 A * is employed, generated



using the Monkhorst{Pack scheme.

We adopt both the generalized gradient approximation
(GGA)4* in the Perdew{Burke{Ernzerhof (PBE) form=>
and the GGA+U (PBE+U) approach<®2/ to account for
electron correlation e ects in systems with localized d
electrons.

For the Green’s function{based approach of Liechten-
stein et al., we utilize the TB2J package!®, which inter-
faces with WANNIER90 28 and SIESTAZ? packages to
compute the exchange parameters from the real-space
Green’s functions. For the construction of Maximally
Localized Wannier Functions (MLWFs), we use atomic-
like trial orbitals consisting of d states on the transition-
metal sites and p states on the ligand sites. The quality
of the Wannier representation was carefully validated by
comparing the interpolated Wannier band structure with
the original DFT band structure within the selected en-
ergy window, showing excellent agreement and con rm-
ing the reliability of the electronic-structure input used
for the LKAG exchange calculations. For the calcula-
tions with the SIESTA?® code, we used fully relativistic
norm-conserving pseudopotentials from the Pseudo-Dojo
database®? in the psml formatsL. We employed a mesh-
cuto energy of 400 Ry together with a double-zeta po-
larized (DZP) basis set for all atoms.

Crystal structures

For all compounds under study we used the experimen-
tally determined crystal structures. The considered ma-
terials were the following: Cr,03%2, Cr,TeOg%3, MnO=4,
MnF2%°, KMnF3%®, KMnSb3/, Fe,03%, BiFeO3*,
F62T80633, NiO4°, NiF24l, NiBr242, and KNiF343.
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FIG. 1. Conventional and optimized supercells of MgCr,0O4 for exchange interaction calculations. Crystal
structure of MgCr204, with the 16 Cr atoms in the unit cell labeled sequentially from 1 to 16 to uniquely identify Cr-Cr
pairs. (a) The conventional cell, in which only the J, exchange interaction can be calculated. Other interactions cannot be
determined in this cell because, for example, if one takes (Crl, Crl4) as a rst-neighbor pair, its periodic image (Crl+image,
Cr14) appears as a fourth neighbor as well. Similar occurs for the (Crl, Crl6) pair, preventing calculation of the Jza and Jsp
interactions. (b) The supercell generated and selected using the updated SUPERHEX code, which enables the calculation of
exchange interactions up to the fourth-nearest neighbors. The Cr{Cr pairs whose spin reversals are employed to extract the
corresponding exchange parameters are highlighted.

TABLE |. Pearson correlation coe cients between the exchange parameters J, obtained from di erent methods for each
compound within the GGA+U approximation.

Compound U(eV) (FSTE/LSTE) (TB2J/LSTE) (TB2J/FSTE)

Cr203 2.38 0.999 0.997 0.998
Cr,TeOg 3.47 1.000 0.998 0.998
MnO 3.43 1.000 0.886 0.899
MnF2 3.39 1.000 0.993 0.993
KMnF3 3.08 1.000 1.000 1.000
KMnSb 2.93 1.000 1.000 1.000
FeoO3 4.69 0.994 0.994 0.989
BiFeO3 4.59 1.000 1.000 0.999
FeoTeOg 5.33 1.000 0.999 1.000
NiO 4.85 1.000 0.997 0.998
NiF2 5.14 0.999 0.984 0.987
NiBr2 6.35 1.000 0.750 0.755

KNiF3 4.65 1.000 1.000 1.000
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FIG. 2. Comparison of the exchange parameter. Comparison of the exchange parameter ratios relative to the LSTE
method, for the largest and the second-largest J values, in (a) GGA+U (b) GGA approximation. Filled symbols: same J

interaction identi ed as top coupling in both methods. Empty symbols: di erent J interactions ranked as top couplings. J

annotations show the speci ¢ exchange interaction being scaled for each data point, in meV. All J values obtained from GGA

and GGA+U calculations are provided in Table S | and Table S 11, respectively.
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FIG. 3. Convergence of the exchange parameter versus the number of magnetic con gurations. Convergence
behavior of the J1 exchange parameter in BiFeOgs, using LSTE method within the GGA approximation in a 50-atom supercell, as
a function of the number of magnetic con gurations. Dots represent results obtained using all possible magnetic con gurations,
while square symbols correspond to the data including only con gurations satisfying jJE( ¥ 0) Ej 0:01eV. . Here,
denotes the electronic smearing width used in the total energy calculations.

TABLE II. Structural and computational parameters for each compound, when studied by LSTE and FSTE GGA+U methods.

N, denotes the number of exchange interactions calculated for each compound. NSt js the number of atoms in the supercell

used by each method, and Nf2thod js the number of self-consistent runs required to compute the Nj exchange interactions.

The computational cost ratio is estimated as (NFSIE=NLSTEY®  (NFSIE=NLSTE

Compound Nj NETE NESTE NESTE NJSIE Cost ratio

Cr203 9 40 80 27 20 5.93
Cr2TeOs 5 36 36 15 12 0.80
MnO 4 16 32 12 10 6.63
MnF2 5 36 36 15 12 0.80
KMnF3 9 80 160 27 20 5.93
KMnSb 6 36 48 23 14 1.44
Fe203 9 40 60 27 20 2.50
BiFeO3 4 40 50 12 10 1.63
Fe>TeOs 5 36 36 15 12 0.80
NiO 4 16 32 12 10 6.67
NiF2 5 36 36 15 12 0.80
NiBr» 6 54 72 18 14 1.84
KNiF3 6 60 120 18 14 6.22
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