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SSCHA-based evolutionary crystal
structurepredictionatfinite temperatures
with account for quantum nuclear motion
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Daniil Poletaev1 & Artem R. Oganov 1,2

Reliable crystal structure prediction (CSP) at finite temperatures, including quantum anharmonic
effects, remains challenging but is particularly important for systems containing light atoms such as
superconducting hydrides. Here, we integrate machine-learned interatomic potentials (MLIPs) with
the stochastic self-consistent harmonic approximation (SSCHA) to enable evolutionary CSP on the
quantum anharmonic free-energy landscape. Using LaH10 as a test case, we compare three
approaches: (i) active-learning MLIPs (AL-MLIPs) trained on the fly, (ii) universal MLIPs (uMLIPs), and
(iii) temperature-dependent effective potentials (TDEPs) trained on SSCHA ensemble data. AL-MLIPs
correctly predict the cubic Fm�3 m phase but require thermodynamic perturbation theory corrections
for consistent results. The foundation uMLIPMattersim-5m enables SSCHA-based CSPwithout per-
structure training, but fine-tuning is required for higher accuracy. Temperature-dependent effective
potentials trained on SSCHA data enable accurate and very efficient CSP for large unit cells on the
quantum anharmonic free-energy landscape.We demonstrate that quantum anharmonicity simplifies
the free-energy landscape and is essential for the correct energy ranking of LaH10 structures.

Accurate prediction of crystal structures at various pressures and tem-
peratures is crucial for materials discovery and design1,2. The success of
structure prediction depends critically on correctly solving both the struc-
ture sampling and the structure ranking problems2. While state-of-the-art
ab initio methods, e.g., density functional theory (DFT) and post-DFT
methods provide the highest accuracy for structure ranking at 0 K, their
computational cost severely limits applications at finite temperatures1–6.
Most computational searches therefore rely on structure ranking exclusively
at 0 K3,7.

T-USPEX was the first developed technique capable of overcoming
these limitations by enabling finite-temperature structure prediction using
classical molecular dynamics (MD) with semi-empirical or machine-
learning interatomic potentials (MLIPs) for structure relaxation, sampling
phase space, and free energy calculation combined with pressure and free
energy corrections within the thermodynamic perturbation theory for
ensuring structure ranking at ab initio level7. However, classical MD is
unsuitable for materials where quantum nuclear motion is essential. While
harmonic systems can be treated by lattice dynamics methods, quantum
anharmonic systems remain challenging. Many systems, particularly
superconducting hydrides8–11, charge-density-wave materials12,13, and ther-
moelectric compounds14, exhibit quantum anharmonicity that critically

influences thermodynamic stability andmaterial properties both at 0 K and
finite temperatures.

The stochastic self-consistent harmonic approximation (SSCHA)
provides a rigorous framework for treating quantum anharmonic
effects9,14,15. However, the computational cost of SSCHA prohibits its direct
use in structure prediction. DFT-based structure relaxation within SSCHA
can take weeks to months, whereas hundreds to thousands of such opti-
mizations are usually required2.

Active-learning MLIPs (AL-MLIPs) offer a promising solution for
accelerating SSCHA calculations13,16–20. When integrated with structure
prediction, AL-MLIPs can dramatically reduce the cost of SSCHA relaxa-
tions while preserving the accuracy needed to model quantum anharmo-
nicity at ab initio level. Moreover, the recent development of universal
MLIPs (uMLIPs), also known as large atomistic models or foundation
models21, presents a further opportunity tomake crystal structureprediction
(CSP) with quantum anharmonic effects more feasible. Finally, the effective
potentials or free energymodels emerge as a new promisingway to perform
high-throughput CSP on quantum anharmonic free energy landscapes at
finite temperatures22.

In this work, we integrate AL-MLIPs, uMLIPs, and effective potentials
into the SSCHA-based structure prediction within USPEX1,2. We explore
three distinct strategies: (i) active-learning MLIPs trained locally per
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structure or reused across structures, (ii) foundation uMLIPs applied
without per-structure training, and (iii) temperature-dependent effective
potentials (TDEPs) trained on SSCHA ensemble data. Using LaH10 at 150
GPa as a test case, where phase stability is governed by quantum anhar-
monicity, we compare evolutionary CSP on the quantum anharmonic free
energy landscape using these approaches and demonstrate that employing
the effective potentials is the most efficient way, not only providing a sig-
nificant speedup but also successfully overcoming the unit-cell-size scal-
ability problem.

LaH10 has been extensively studied both theoretically and
experimentally10,23–34, enabling robust validation of our CSP results. The
cubic Fm�3m phase of LaH10 with sodalite-like structure was first theoreti-
cally predicted at pressures ≥150 GPa23,24 and was found experimentally to
be stable at pressures above 135–140 GPa30,33,34. Theoretical studies at dif-
ferent levels of theory have revealed that accounting for anharmonic effects
is essential: while the cubic phase appears dynamically unstable within the
harmonic approximation at pressures below 210–230 GPa, anharmonic
effects stabilize it at pressures of 129–150 GPa10,25,26.

Results
We performed two independent searches for the most stable structure of
LaH10 on the quantum anharmonic free energy landscape at 150 GPa and
300 K using AL-MLIPs, one search using the best-performing uMLIP, and
three searcheswith effective potentials trained on the data retained from the
CSP with the uMLIP.

In the CSPs with AL-MLIPs and uMLIP, for each structure proposed
by USPEX, we performed a SSCHA relaxation by minimizing the free-
energy functional F½R;Φ� with respect to the centroid positionsR and the
auxiliary force-constant matrix Φ using MLIP for calculation of energies,
forces, and stresses in statistical ensembles:

F ¼ min
R;Φ

F ½R;Φ� ¼ F Req;Φeq

h i
: ð1Þ

A schematic of the SSCHA relaxation workflow using retrainable
MLIP is shown in Fig. 1. To reduce the computational cost of SSCHA, we
used a multistage upscaling scheme similar to those described in the works
of Lucrezi et al.16 and Beli and Zurek17. The details of the SSCHA relaxation
using this scheme are described in the “Methods” section.

Active-learning MLIPs for SSCHA-based CSP
We explored three strategies for applying active learning to MLIPs during
SSCHA relaxations within the CSP workflow, when several structures may
be treated in parallel and several MLIPs may therefore be trained
simultaneously.

Strategy 1 (Local per-structure training): For each new structure, a
separate MLIP is trained from scratch on configurations from its SSCHA
ensembles (see Fig. S1 in the Supplementary materials). While computa-
tionally feasible and allowing high-accuracy MLIPs tailored to each

Fig. 1 | A common scheme for structure optimiza-
tion within the SSCHA using an active-
learning MLIP.
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structure, this approach risks redundantDFTcalculations for structures that
existing MLIPs could already describe adequately.

Strategy 2 (Global MLIP retraining): A single global MLIP is retrained
for each structure during a generation, then all retraining configurations are
aggregated and theMLIP is retrained again once per generation (see Fig. S2
in the Supplementary materials). This minimizes redundant DFT calcula-
tions but has a critical drawback: retraining global MLIPs (for example,
high-level moment-tensor potentials (MTPs)35,36, see Fig. S3) can demand
more resources than the DFT calculations themselves.

Strategy 3 (Hybrid: Reuse and retrain from existing local MLIPs): For
the first batch of structures treated in parallel, a separate MLIP is trained
from scratch for each structure (see Fig. S4 in the SupplementaryMaterials).
All trained MLIPs are then stored. For subsequent structures, a selection
algorithm (MaxVol37 forMTPs) identifies the storedMLIP that requires the
fewest additional configurations for retraining. This MLIP is then selected
and retrained for the new structure. This strategy reduces the number of
DFT calculations needed to train MLIPs for new structures without sub-
stantially increasing the computational cost of the training procedure,
because lightweightMLIPs can be used. The drawback is that the number of
local MLIPs grows with each generation; however, fast selection algorithms
mitigate this cost.

The explored strategies, their advantages and drawbacks are described
in more details in the Supplementary Materials. In this work, we consider
the results of CSP obtained with Strategy 1 (employing local AL-MLIPs) for
SSCHA-based structure prediction as a reference, compare them with the
results obtained with Strategy 3 (employing reusable AL-MLIPs), and
completely discard Strategy 2 (employing global AL-MLIP) due to its
inefficiency.

CSP with local AL-MLIPs
With local AL-MLIPs trained from scratch for each structure, USPEX
predicted only three unique phases of LaH10 on the anharmonic free energy
landscape. The crystallographic information for these phases and visuali-
zations of their structures are presented in Table 1 and Fig. 2.

The most stable predicted polymorph has cubic Fm�3m symmetry, in
agreement with the experimental data32, and already appeared in the first
generation. It should be noted that, before SSCHA relaxation, this poly-
morphhad lower symmetry (Immm), i.e., in the structure-prediction results
on the classical energy landscape at 0 K it would appear as an Immm
structure rather thanFm�3m. In subsequent generations, cubicFm�3mLaH10

was obtained several times after SSCHArelaxationof structureswithP�1,C2,
C2/m, Immm, I4/mmm, R�3 m, and Fm�3m symmetries on the classical
energy landscape; see Table S1 in the Supplementary Materials for details.
The calculated lattice parameter for cubic LaH10 (5.120Å) shows a slight
deviation from the experimental value (5.102Å) measured at 150 GPa32.

The second LaH10 structure predicted on the anharmonic free energy
landscape has orthorhombic Cmmm symmetry and a Gibbs free energy at
300 K that is about 86meV/atom higher than that of the cubic Fm�3m
structure. It was obtained from structureswith P1 andCmmmspace groups
that emerged on the classical energy landscape. The third predicted LaH10

polymorph has a layered hexagonal structure with P6/mmm symmetry. It
was relaxed within the SSCHA from the P6/mm structure and lies about
160meV/atom above the ground state.

Table 1 | Crystallographic information about three LaH10
phases predicted on the anharmonic free energy landscape at
150 GPa and 300 K with AL-MLIPs trained from scratch for
each structure

Phase Fitness Lattice Atom coordinates

(eV/
atom)

parameters

Fm�3m 0 a = 5.120Å La 0.0 0.0 0.0

H 0.25 0.25 0.25

H 0.38 0.38 0.38

Cmmm 0.085 a = 2.932Å La 0.0 0.0 0.0

b = 7.020Å H 0.0 0.295 0.153

c = 3.276Å H 0.0 0.421 0.5

H 0.168 0.172 0.5

P6/
mmm

0.160 a = 3.248Å La 0.0 0.0 0.0

c = 3.735Å H 0.333 0.667 0.239

H 0.314 0.0 0.5

Fitness is a value of the free energy with respect to the ground state at the given conditions.

Fig. 2 | Three LaH10 polymorphs with Fm
--
3m, Cmmm, and P6/mmm space

groups predicted on the anharmonic free energy landscape at 300 K and 150 GPa
with AL-MLIPs trained from scratch for each structure. The values of the free
energy, G, are with respect to the ground state structure, Fm�3m. The crystal struc-
tures were visualized using the STMng program59.
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The phonon dispersions clearly show that the lowest-energy cubic
Fm�3m polymorph is dynamically stabilized by anharmonic lattice vibra-
tions, consistent with previous literature10,34 (see Fig. 3). In contrast, the
higher-energy orthorhombicCmmmandhexagonal P6/mmmpolymorphs
are dynamically stable both harmonically and anharmonically.

CSP with reusable AL-MLIPs
CSP for the most stable LaH10 polymorph employing reusable AL-MLIPs
yielded results identical to those obtainedwith localAL-MLIPs trained from
scratch within the 100 meV/atom energy threshold above the ground state,
i.e., predicting the Fm�3m and Cmmm structures. However, beyond this
threshold, the predicted structures differed. The hexagonal P6/mmm
structure, with a Gibbs free energy 160meV/atom above the ground state,
was not predicted with reusable AL-MLIPs. Instead, three other structures
with C2/m, R3m, and Cmmm space groups, with Gibbs free energies 126,
162, and 186meV/atom above the ground state, were predicted; see Table
S2. This is expected, as evolutionary algorithms narrow the search space
with each generation, focusing search on low-energy structures. This
underscores the importance of structure prediction on finite-temperature
free-energy landscapes, as this is the only way to identify structures that are
far from the 0 K ground state but may be stabilized at higher temperatures.

We, however, encountered caveats when employing reusable
AL–MLIPs, which highlight two important considerations. First, repeatedly
retraining a lightweightAL–MLIP (e.g., a level-eightMTP, as in our case) on
a continuously updated dataset can lead to accumulated training errors.
These errors degrade theMLIP’s predictions of energies, forces, and stresses
for perturbed configurations generated during SSCHA relaxations. In par-
ticular, we noticed that SSCHA relaxation employing reusable MTPs with
large errors in energies, forces, and stresses could converge even when the
structure was not fully relaxed, unlike relaxation performed with a more
accurate MTP. For example, in our case this led to the prediction of struc-
tureswith the Fm�3m space group that had the same topology as the ground-
state Fm�3m structure. However, their atomic volumes were smaller by
0.04–0.20Å3/atom, and their thermodynamically corrected free energies
were higher by 8–37meV/atom than those of the ground-state structure. In
Table S2, we have marked such structures in red. Further SSCHA relaxa-
tions of these structures (started from their final auxiliary dynamical
matrices) using more accurate local AL-MLIPs trained from scratch con-
verged only when their atomic volumes and thermodynamically corrected
free energies matched those of the ground state within confidence intervals
of 0.02Å3/atom and 2meV/atom (see Table S3).

Additionally, we investigated whether the C2/m, R3m, and Cmmm
structures with free energies exceeding 100meV/atom above the ground
state can be relaxed further with more accurate MLIPs, given that the
MTPs used for their SSCHA relaxation also had large errors. Indeed,
after relaxation of these structures with more accurate local AL-MLIPs,
their free energies decreased and their atomic volumes also changed,
similar to the case of the Fm�3m structures. Interestingly, when SSCHA
relaxation of the C2/m structure with local AL-MLIPs trained from
scratch was continued from the state obtained with the crude AL-MLIP,
the structure relaxed into a deeper local minimum on the quantum
anharmonic free-energy landscape, but its space group did not change.
In contrast, when SSCHA relaxation of this structure with a more
accurateMLIP started directly from the 0 K local minimumon the Born-
Oppenheimer energy landscape, it transformed into the ground-state
cubic Fm�3m phase. This further explains why this C2/m structure was
not predicted in the CSP with local AL-MLIPs trained from scratch and
highlights the importance of using an accurateMLIP(s) from the outset if
one aims to relax structures generated by a CSP algorithm to the deepest
possible minima.

The second consideration is that without corrections from thermo-
dynamic perturbation theory7,38–41, themaximal dispersion in the calculated
free energies for ostensibly identical structures relaxed with reusable AL-
MLIPs can exceed 100meV/atom. In our case, it reached 161meV/atom for
the lowest-energy Fm�3m structures, even without taking into account the
structures with large differences in atomic volume. Applying these correc-
tions reduced themaximal dispersion to 7meV/atom. For comparison,with
local AL-MLIPs trained from scratch for each structure, the maximal dis-
persion of the free energy for the Fm�3m structures was 22meV/atom
without corrections and was reduced to 2meV/atom after corrections were
applied. Formoredetailed informationabout the corrections applied to each

Fig. 3 | Harmonic and anharmonic phonon dispersion curves at 150 GPa for.
a cubic LaH10 with Fm�3m symmetry group; b orthorhombic LaH10 with Cmmm
symmetry group; and c hexagonal LaH10 with P6/mmm symmetry group.
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structure predicted with local and reusable MTPs, we refer the reader to
Tables S1 and S2.

Thus, applying pressure and free-energy corrections within thermo-
dynamic perturbation theory is essential when employing lightweight reu-
sableAL-MLIPs,which tend toaccumulate generalization errors. Even then,
the accuracy of CSP with reusable AL-MLIPs can be unsatisfactory. A
dispersion of 7meV/atom is acceptable when the free-energy differences
between unique predicted structures on a quantum anharmonic landscape
are on the order of tens of meV/atom, as in LaH10, which is a relatively
simple system. However, for more complex systems in which the free-
energy differences between polymorphs can be only a few meV/atom, such
accuracy is clearly insufficient, and the use of local AL-MLIPs or more
accurate reusable AL-MLIPs (e.g., a level-twenty MTP instead of a level-
eight MTP) is better justified despite the higher computational cost.

Themainadvantage of reusingAL-MLIPs is that it reduces thenumber
of DFT calculations required for retraining. The ratio of total MLIP eva-
luations (energies, forces, and stresses) during SSCHA relaxations to the
total number of DFT calculations required for retraining exceeded 2000 for
reusable AL-MLIPs, compared with only ~600 for MLIPs trained from
scratch. This corresponds to amore than threefold reduction in the number
of required DFT calculations. Overall, using AL-MLIPs in SSCHA relaxa-
tions reduces the number of DFT calculations by two (in the case of local
AL-MLIPs) to three (in the case of reusable AL-MLIPs) orders of
magnitude.

CSP with universal MLIPs
The proposed strategies for combining AL-MLIPs with SSCHA-based
structure prediction were developed for cases where suitable interatomic
potentials are not available or very crude for the desired accuracy. Until
recently, this problem was acute; however, now a variety of so-called uni-
versal machine-learned interatomic potentials (uMLIPs) demonstrate sig-
nificant improvements in describing materials properties at the atomic
level21. In this work, we checked if any of the existing uMLIPs can be used in
the high-pressure CSP on anharmonic free energy landscape out-of-the-
box.We considered several uMLIPs from theMatbench discovery project21,
namely CHGNet42, DPA343, GRACE44, MACE45, Mattersim-5m46, OrbNet-
v247, and Sevennet48.

Before conducting finite-temperature CSP with a uMLIP, we qualita-
tively evaluated each potential by relaxing the rhombohedral (R�3m) LaH10

structure within the SSCHA at 150GPa and 300K.With a sufficiently good
potential, it should transform into the cubic (Fm�3m) structure. Only three
uMLIPs, namely CHGNet42, MACE45, and Mattersim-5m46, successfully
completed the SSCHA relaxation at the given conditionswithout failing due
to unphysical atomic configurations. Among these, only Mattersim-5m
relaxed the structure into the experimentally known stable cubic phase
(Fm�3m). Based on these results, we selected Mattersim-5m for further
testing in CSP on the anharmonic free-energy landscape of LaH10 at
150 GPa and 300 K using USPEX.

In the subsequent SSCHA-based USPEX search powered by
Mattersim-5m uMLIP, the cubic Fm�3m structure emerged in the first
generation, consistent with previous searches using AL-MLIPs. It appeared
multiple times, evolving from initial structures with lower (Fmmm, Immm,
I�4m2,Cm) or the same (Fm�3m) symmetry; seeTable S6 for details. The free
energy of this cubic phase was the lowest among all converged structures.

The second-ranked structure identified by Mattersim-5m on the
anharmonic landscape has Cmmm symmetry, and it is almost identical to
the one found with AL-MLIPs though having different lattice parameters.
Without thermodynamic perturbation theory corrections, Mattersim-5m
placed this structure closer to the ground state (26meV/atom above it,
compared with 86 meV/atom with AL-MLIPs), but after applying these
corrections its free energy became 104 meV/atom higher than that of the
ground state.

Twelve additional structures with symmetries C2/m, Immm, Amm2,
R3m,P2/m,C222, andP4/mmm, all withGibbs free energiesmore than 100
meV/atom above the ground state after applying thermodynamic

perturbation theory corrections, were also found on the anharmonic free-
energy landscape with Mattersim-5m. Most of these structures (namely,
those with Immm, Amm2, P2/m, C222, and P4/mmm symmetries) were
not found after the CSP with local and reusable AL-MLIPs. Initially, we
suggested that they could represent false local minima stemming from
insufficient accuracy of the MLIPs, not from peculiarities of the quantum
anharmonic free energy landscape, because errors in energies, forces, and
stresses of the foundation model Mattersim-5m, evaluated on the config-
urations used to calculate thermodynamic perturbation theory corrections
for these structures, are comparable to those of the least accurate reusable
AL-MLIPs; see Table S4 for details. If this is true, they should relax further
into the true minima on the quantum anharmonic free energy landscape
with a more accurate MLIP.

To investigate howusing amore accurateMLIPwill affect relaxation of
thesemetastable structures,wefine-tuned the foundationmodelMattersim-
5m on the dataset obtained from the DFT calculations used to evaluate
thermodynamic perturbation theory corrections for these structures. We
then continued their SSCHArelaxationusing thefine-tunedmodel, starting
from the final auxiliary dynamical matrices obtained with the original
Mattersim-5mmodel. Afterfine-tuningMattersim-5m, theMLIP errors for
all these structures became much smaller, as did the pressure and free-
energy corrections. In particular, the free energy and volume of the second-
ranked Cmmm structure became almost identical to those obtained with a
local AL-MLIP. Three structures changed their symmetries (C222→C2/m,
C2/m→ Immm, and P2/m→ Imm2) while other structures only changed
their volumes and free energies. Some structures changed their ranking after
additional SSCHA relaxation with fine-tuned Mattersim-5m. Here, we
emphasize that the initial structure ranking obtained after SSCHA relaxa-
tionswith the foundationMattersim-5mmodel and free-energy corrections
within thermodynamic perturbation theory was also correct. The ranking
changed after relaxation with fine-tuned Mattersim-5m because deeper
localminimawere found. Formoredetailed information,we refer the reader
to Table S5. What is more important, none of these twelve new structures
were relaxed into the minima previously found within CSP using AL-
MLIPs, even with fine-tuned Mattersim-5m, indicating that with
Mattersim-5m one can find a larger number of diverse polymorphs on the
quantum anharmonic free energy landscape than with lightweight
AL-MLIPs.

Overall, we found that the foundation uMLIP Mattersim–5m can
robustly guide SSCHA-based crystal structure prediction (CSP), even at
high pressures, while, with the help of thermodynamic perturbation theory,
providing ab initio structure ranking and nearly eliminating the need to
train AL–MLIPs from scratch. However, fine-tuning of this uMLIP is still
required to obtain structure-relaxation results closer to the DFT level of
theory, because thermodynamic perturbation corrections do not resolve
inaccuracies in the SSCHA relaxation itself.

The advantage of Mattersim–5m over lightweight AL–MLIPs is
that, with this uMLIP, roughly 90% of structures pre-relaxed at 0 K on
the classical energy landscape also relax to a converged state within
SSCHA at 300 K. In contrast, level–eight MTPs used as AL–MLIPs lead
to convergence in SSCHA relaxation for only about 20-30% of such
structures. Another benefit is that, when a single uMLIP is used, ther-
modynamic perturbation corrections are needed only to ensure ab
initio structure ranking; unlike in the case of local and reusable light-
weight AL-MLIPs, they are not essential for consistency of free energies
and volumes of duplicate structures. This makes it possible to apply
thermodynamic corrections only to the unique structures found on the
anharmonic free-energy landscape, as was done in this work, thereby
reducing the number of DFT calculations by an order of magnitude
comparing to the case of AL-MLIPs.

Effective potentials for scalable CSP
The searches with AL-MLIPs and uMLIP described above used an 11-atom
unit cell, which is sufficient for LaH10. However, in real CSP for unexplored
systems, the optimal unit-cell size is unknown, and larger cells must be
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explored. Direct SSCHA relaxation of large cells (e.g., 88 atoms) is prohi-
bitively expensive even with MLIP acceleration.

To overcome this, we trained temperature-dependent effective
potentials (TDEPs) from SSCHA ensemble data. After each SSCHA
relaxation step, the weighted-averaged forces, stresses, and free energy can
be saved as a training point for a potential that effectively describes the
anharmonic free-energy landscape. With sufficient data, such a potential
allows structure optimization at finite temperature as easily as a classical
potential at 0 K. A related approach was recently proposed byWang et al.22

as deep free energy (DF) models.
We collected weighted-averaged data from SSCHA ensembles

obtained with the Mattersim-5m uMLIP, and trained TDEPs within both
the MTP35 and DPA-343 frameworks. MTP-based TDEPs, even at highest
levels, exhibited training RMSE of ~65meV/atom and poor transferability
to larger cells, resulting in incorrect structure ranking after CSP with an 11-
atom cell and failedCSPwith 44- and 88-atom cells. This highlights that the
MTP framework, while effective for classical AL-MLIPs, is not well-suited
for TDEPs in this context.

In contrast, TDEP-DPA3 models achieved excellent accuracy (RMSE
0.8–3.8meV/atom) and successfully guidedCSPwith 11-, 44-, and 88-atom
unit cells, always predicting the experimentally observed cubic Fm�3m
structure as the most stable. The deep free energy (DF) model for La-Sc-H
system from22 also succeeded,finding the cubic structure even faster (1st, 1st,
and 5th generations for 11, 44, and 88 atoms, respectively, versus 2nd, 11th,
and 18th for our TDEP-DPA3). The better performance of the DF model
can be attributed to itswider training domain and the use of amore accurate
Born-Oppenheimer MLIP for computing energies, forces, and stresses in
SSCHA ensembles.

For comparison, classical 0 K CSP with 11-, 44-, and 88-atom cells
using VASP for structural relaxation resulted in finding low-symmetry
structures as the most stable instead of the cubic Fm�3m structure. This
confirms that quantum anharmonicity is essential for correct structure
ranking, and that effective potentials trained on SSCHA data provide a
scalable pathway to incorporate these effects in CSP.

The effective potential approach thus directly addresses the unit-cell-
size scalability problem, making it possible to perform CSP on quantum
anharmonic free-energy landscapes with large unit cells at a fraction of the
cost of direct SSCHA relaxations.

Discussion
We carried out searches for the most stable LaH10 polymorph on the
quantum anharmonic free-energy landscape using three distinct strategies:
local and reusable AL-MLIPs, the foundation uMLIP Mattersim-5m, and
temperature-dependent effective potentials (TDEPs) trained on SSCHA
ensemble data. The first two strategies were applied with 11-atom unit cells;
the third successfully applied also with 44- and 88-atom cells.

ACSPwith direct SSCHA relaxations for each structure in thefirst two
strategies, while accurate due to the thermodynamic perturbation theory
corrections, is computationally demanding: roughly two orders of magni-
tude more expensive than a DFT-based 0 K CSP, even with a ready-to-use
uMLIP. The TDEP approach presented in this work provides a scalable
pathway for finite-temperature CSP. By training effective potentials on
weighted-averaged SSCHA data, we bypass the expensive direct SSCHA
relaxation of each structure during CSP. Using TDEP-DPA3, we success-
fully performed CSP with up to 88 atoms per cell, correctly identifying the
cubic Fm�3m structure as the ground state. This capability is essential for
real-world CSP where the optimal unit-cell size is unknown.

The bottleneck of the TDEP approach is the need to generate data and
train TDEPs for each temperature separately, which could be a time-
consuming task. In this work we used the data that was generated after a
sufficiently long CSP within the second strategy (USPEX+SSCHA+Mat-
terSim-5m), but for practical CSP cases more efficient approaches to
quantify the free energy landscapes, allowing to minimize the number of
costly SSCHA relaxations, should be developed. Even though such
approaches are beginning to emerge22 the overall cost of training TDEP and
performingCSPwith TDEPwould yet be greater than performing 0 KCSP.

A cheaper way for exploring quantum anharmonic free-energy land-
scapes could be to perform 0 K CSP first and then relax only the lowest-
enthalpy structures with SSCHA, e.g., within the 100meV/atom threshold
above the ground state49,50. However, this risks missing phases that are high
in enthalpy at 0 K but stabilized by anharmonicity at finite temperatures
(e.g., bcc-Ti and bcc-Zr have 0 K enthalpies more than 100meV/atom
higher than their corresponding ground states but are stabilized at tem-
peratures higher than 1000 K). Some high-pressure superconducting
hydrides are synthesized by laser heating to temperatures near 2000 K51.
Under these pressure-temperature conditions, the relevant free-energy
landscape may differ qualitatively from a static 0 K enthalpy landscape. A
phase formedduring heatingmay be retainedmetastably after quenching or
may transform during subsequent cooling or decompression. The high-
temperature anharmonic landscape exploration being combined with
kinetic considerations and simulated diffraction patternsmay valuably help
to identify and assign hydride phases observed experimentally, particularly
when the experimentally recovered phase is not necessarily the thermo-
dynamic ground state at 0 K.

A structure search on the full quantum anharmonic free energy
landscape can also benefit from its simplification compared to the classical 0
K landscape. Classical CSP at 150 GPa produces over twice as many poly-
morphs for LaH10 and fails to identify Fm�3m as the most stable, contra-
dicting experiment32. Figure 4 illustrates this simplification, highlighting the
practical advantage of anharmonicCSP in reducing candidate structures for
costly property calculations.

A key limitation of SSCHA is its inability to handle tunneling and
rotational modes in molecular crystals. This should be considered when
applying our strategies to such systems. Overcoming this will require cou-
pling the CSP with path-integral methods and modifying structure repre-
sentations within CSP algorithms to account for non-local ion densities.

In summary, we have developed and validated three CSP approaches
that incorporate quantum anharmonic effects through SSCHA accelerated
by MLIPs and further parametrized by effective potentials. Using LaH10 at
150 GPa, we show that:
1. Lightweight local AL-MLIPs trained from scratch enable accurate CSP

on the anharmonic free-energy landscape when combined with
corrections from thermodynamic perturbation theory. Reusing light-
weight local AL-MLIPs during SSCHA relaxation within CSP reduces

Fig. 4 |A comparisonof energy landscapes before and after the SSCHArelaxation
of structures (using local AL-MLIPs) preliminarily relaxed at 0 K (using VASP)
showing the reduction in the number of LaH10 polymorphs at 150 GPa when
quantum anharmonicity is considered. The quantum anharmonic free-energy
landscape at 300 K exhibits a simpler configuration space than the classical 0 K
landscape. Both landscapes were generated using the dimensionality reduction
method for fingerprint space implemented in STMng59. The approach to con-
structing energy landscapes takes into account only energy minima and shows a
smooth interpolation between all minima. It is clear that accounting for quantum
motion leads to a smoother surface due to the disappearance of many minima
highlighting the critical role of anharmonic effects in narrowing the search space
during structural relaxation and ranking.
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theDFT cost by several times, but also lowers the accuracy of structural
relaxation and ranking because of accumulated MLIP errors.

2. Large uMLIPs or foundation models, such as Mattersim-5m, offer a
promising alternative. They nearly eliminate the need for system-
specific training of AL-MLIPs for SSCHA-based CSP, while
maintaining robust SSCHArelaxations andenabling ab initio structure
ranking through thermodynamic perturbation theory corrections.
However, fine-tuning the foundation model may still be necessary to
obtain structures relaxed closer to the ab initio level of theory.

3. Effective potentials trained on SSCHA data provide a fast and scalable
solution for large unit cells, enabling CSP on quantum anharmonic
free-energy landscapeswith up to 88 atoms per cell atmanageable cost.

4. Quantum anharmonicity simplifies the search space, reducing the
number of plausible polymorphs compared to classical 0 K landscapes.

Our work presents a step forward for efficient, quantum-accurate CSP
in strongly anharmonic systems and highlights current limitations on this
way. Future work should focus on improving uMLIP accuracy at high
pressures, developing robust and computationally efficient protocols for
training effective potentials, and extending the framework to systemswhere
tunneling and rotational effects are significant.

Methods
AL-MLIP selection and accuracy
AL-MLIP selection. We used moment tensor potentials (MTPs) as AL-
MLIPs. To select the optimalMTP level, we relaxed the rhombohedral R�3m
LaH10 structure to the cubic Fm�3m structure within the SSCHA at 160 GPa
and 300 K using local AL-MTPs of different levels. We found that, for AL-
MTPs of level eight, the free-energy error relative to the reference value
obtained from SSCHA+DFT calculations is about 10meV/atom before
applying thermodynamic perturbation theory corrections and less than
1meV/atom after applying them.

Accuracy of AL-MLIPs. The training (validation) root-mean-squared
errors (RMSEs) of the local AL-MTPs trained during the structure search
were 9−32 (5−22)meV/atomfor energies, 370−658 (322−478)meV/Å for
forces, and 8.5−15.7 (2.9−6.0) GPa for stresses. For reusable AL-MTPs, the
training (validation) RMSE values were 10−105 (6−158)meV/atom for
energies, 393−2122 (336−1000)meV/Å for forces, and 9.5−87.5
(3.5−99.3) GPa for stresses. Validation RMSE values were estimated using
the configurations selected for the calculation of thermodynamic pertur-
bation theory corrections. Detailed information about the MLIP RMSE
values for each structure predicted on the anharmonic free-energy land-
scape with local AL-MTPs, reusable AL-MTPs, and the uMLIPMattersim-
5m can be found in Tables S1–S5 in the Supplementary Materials.

For forces, the RMSE was computed as the square root of the mean
squared difference between the MLIP-predicted and reference (DFT) force
vectors, averaged over all atoms in the dataset:

RMSEforces ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Natoms

XNconfigs

i¼1

XNðiÞ
atoms

j¼1
FMLIP
ij � FDFT

ij

��� ���2
2

s
; ð2Þ

where Fij represents the force vector of atom j in configuration i, �k k2
denotes the Euclidean norm defined as Fk k2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2
x þ F2

y þ F2
z

q
, and

Natoms ¼
P

iN
ðiÞ
atoms is the total number of atoms across all configurations.

For stresses (virial tensors), the RMSE was calculated using the Fro-
benius norm of the 3 × 3 stress-tensor difference, averaged over the number
of configurations:

RMSEstresses ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
Nconfigs

XNconfigs

i¼1
σMLIP
i � σ DFT

i

�� ��2
F

s
; ð3Þ

where �k kF is the Frobenius norm defined as:

Ak kF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3

p¼1

X3

q¼1
A2
pq

r
; ð4Þ

and σi is the 3 × 3 stress tensor for configuration i (converted to GPa). This
formulation accounts for all nine components of the stress tensor, including
both diagonal (σxx, σyy, σzz) and off-diagonal (σxy, σxz, σyz) elements,
providing a complete measure of the stress-prediction accuracy.

Computational details
SSCHA-based structure prediction. In all cases, fixed-composition searches
were performed in unit cells containing 11 atoms. The first generation
consisted of 30 candidates, while each subsequent generation consisted of
20 structures. In the first generation, structures were created only using the
random-symmetry operator. Starting from the second generation, the soft-
modemutationandheredity operatorswere alsoused to generate structures.
The searches were stopped if the most stable structure did not change for 7
generations.

DFT parameters. The DFT calculations used for MLIP training, ther-
modynamic perturbation theory corrections, and preliminary 0K structural
relaxations were performed within the generalized gradient approximation
(GGA) for the exchange-correlation (XC) energy using the Perdew-Burke-
Ernzerhof (PBE) parametrization52 and standard projector augmented-
wave (PAW)53 potentials for La and H, as implemented in the Vienna Ab
initio Simulation Package (VASP)54. The kinetic-energy cutoff (500 eV) and
k-point density (0.052π/Å)were chosenon the basis of previous calculations
by our group for this system26 and were additionally checked for con-
vergence using the harmonic phonon dispersion curves of cubic LaH10 with
Fm�3m symmetry.

SSCHA calculations. Each SSCHA relaxation started from initial
guesses for R and Φ: R was obtained from a 0 K structural relaxation
performed either with DFT or using a uMLIP, whereas Φ was obtained
from harmonic force constants computed with a pretrained AL-MLIP or
a uMLIP. The upscaling SSCHA relaxation scheme outlined in Fig. 1,
with 1 × 1 × 1, 2 × 2 × 2, and 4 × 4 × 4 supercells for the first, second, and
third stages, respectively, was used. However, we found that the anhar-
monic free energy obtained at the end of the second and third stages
converged to within ~2 meV/atom for the LaH10 structures selected for
testing, indicating rapid convergence of the force constants with
interatomic distance. For this reason, to speed up the calculations, we
allowedUSPEX to use the results from the second stage and to discard the
third stage. The numbers of configurations in the ensembles were 1000
and 3000 for the first and second stages of the SSCHA relaxation,
respectively. Each stage consisted of three substages: (1) relaxation of the
centroid positions of the ions with a fixed cell; (2) variable-cell relaxation
at fixed volume; and (3) variable-cell relaxation to the desired isotropic
pressure, taking into account contributions arising from quantum fluc-
tuations. After the variable-cell relaxation at fixed volume, the pressure
corrections were calculated as the mean deviation of the diagonal stress
components over 50 configurations with the highest probability weights,
selected from the ensemble with which the variable-cell SSCHA relaxa-
tion at fixed volume had converged. The calculated pressure corrections
were then subtracted from the target pressure.

The free-energy corrections up to secondorderwithin thermodynamic
perturbation theory were calculated after the variable-cell relaxation to the
corrected isotropic pressure using the formulation38:

FDFT ’ F þ 1
Nat

hΔUi � 1
2kBT

UDFT � U � hΔUi� �2� �
; ð5Þ

given

ΔU ¼ UDFT � U ; ð6Þ
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where F is the Helmholtz free energy obtained after the SSCHA relaxation
with MLIP, U and UDFT are the total energies of configurations calculated
using theMLIP andDFT, respectively; kb andT are the Boltzmann constant
and absolute temperature; and angle brackets denote averages over the
configurations. To calculate the free-energy corrections, 100 configurations
with the highest probability weights were selected from the final ensemble
with which the SSCHA relaxation to the corrected isotropic pressure had
converged. At all stages and substages, the SSCHA relaxation was
considered converged when the meaningful factor became smaller than
0.001 (for an explanation of this quantity, see ref. 14). TheGibbs free energy
was obtained by adding thePV term to the correctedHelmholtz free energy,
where P is the uncorrected isotropic pressure.

For theFm�3m,Cmmm,andP6/mmmLaH10 structures,weperformed
additional SSCHA relaxations and Hessian calculations using actively
learned level-20MTPs to obtain accurate phonon dispersions and to assess
dynamical stability at both the harmonic and anharmonic levels. The har-
monic phonon dispersion was calculated using the small-displacement
method55, as implemented in the ASE package56, with displacements of
0.05Å. The anharmonic phonon dispersionwas obtained from theHessian
of the free energy within the SSCHA using an ensemble of 100,000 con-
figurations. Higher-order quartic corrections were found to be negligible
andwere not included in theHessian calculation. In both the harmonic and
anharmonic cases, the calculations were performed using
2 × 2 × 2 supercells.

Training and using TDEPs
TrainingTDEPs. For training theTDEPs,we collecteddata points only from
those SSCHA ensembles in which more than 95% of configurations have
minimum interatomic distances no less than 2.0Å, 1.0Å, and 0.6Å for La-
La, La-H, and H-H atom pairs, respectively. The obtained dataset, which
contained 14671 data points, was randomly divided into training (80%) and
validation (20%) datasets, with 9039 and 2259 configurations, respectively.
These datasetswere used for trainingTDEP-DPA3.We trained fourTDEP-
DPA3models from scratch with 2.4Mparameters initialized using different
seeds to obtain uncertainty estimates for relaxed structures.

We also trained 11TDEP-MTPsof different levels. For trainingTDEP-
MTP, we used theMaxVol algorithm37 for selecting training configurations
from the whole dataset. The number of training configurations for TDEP-
MTPs of levels 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, and 28 were 68, 114, 167,
229, 292, 387, 485, 589, 712, 827, and 949, respectively.

Accuracy of TDEPs. The RMSEs for energies of TDEP-DPA3 ranged
from 0.8 to 3.8 meV/atom on the training dataset and from 0.3 to 1.5meV/
atom on the validation dataset. The training RMSEs for energies of TDEP-
MTPs of levels 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, and 28 were 179, 130, 108,
118, 117, 97, 85, 77, 70, 65, and 70meV/atom, respectively.

Using TDEPs within the CSP. The structure relaxations using TDEP
within the CSP were performed using the LBFGS algorithm57 with Fre-
chetCellFilter as implemented in ASE56. To control the ability of the TDEPs
to correctly describe the relaxed structures,weused the extrapolationgrade36

for TDEP-MTP and the ensemble dispersion estimate58 of the energy for
TDEP-DPA3.At each relaxation step, the energies, forces, and stresses from
four TDEP-DPA3 trained with different seeds were averaged. The relaxed
structure was considered correctly described by TDEP if its extrapolation
grade was less than 10 (in the case of using TDEP-MTP) or if its energy
dispersion was not higher than 6 meV/atom (in the case of using
TDEP-DPA3).

Data availability
All data supporting the findings of this study are available within the paper,
its Supplementary Information, and on the GitHub page: https://github.
com/Kurufinve/uspex-sscha-mlip-publication. Other additional data gen-
erated in this study are available from the authors upon reasonable request.
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