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Abstract
Ab initio calculations were performed to estimate the energy preference of Ca2+ substitution by La3+ with compensating 
incorporation of an additional F− ion at the (111) twin boundary of fluorite (CaF2). Model structures of polytypes and 
polysomes, which are periodic stacking faults within the cubic fluorite matrix, were constructed and optimized using den-
sity functional theory (DFT). Our results indicate that the twin boundary has a strong tendency to trap lanthanum cations. 
These findings suggest that the twin boundaries in CaF2 may act as active sites for the accumulation of rare-earth elements, 
providing potential routes for modifying the functional properties of the materials. Conversely, addition of lanthanoids 
may promote growth twinning of fluorite.
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and minimize defects. It also finds applications in special-
ized fields such as the nuclear industry, where it contributes 
to radiation resistant materials (Vasilkova and Kukushkina 
1989).

Crucially, many of these advanced functionalities are 
not intrinsic to pristine CaF₂ but are unlocked through con-
trolled doping and the engineering of structural defects. 
For instance, recent studies have demonstrated that defect-
induced luminescence in REE-doped CaF₂ nanoparticles 
can be utilized for thermal sensing (Zhang et al. 2023), and 
that surface defects can dramatically enhance the material’s 
ionic conductivity for electrochemical applications (Molai-
yan and Witter 2019).

Fluorite often contains significant concentrations of rare 
earth elements, such as lanthanum (La), cerium (Ce) and 
yttrium (Y), which are highly valuable for modern industrial 
technologies (Vasilkova and Kukushkina 1989). These ele-
ments are critical for the production of innovative materials, 
as they are used in the development of high performance 
permanent magnets (e.g. neodymium-iron-boron, Nd-Fe-
B), laser media (e.g. erbium-doped yttrium-aluminum gar-
nets, Er: YAG), phosphors for LED lighting, and catalytic 
systems in petroleum refining (Li et al. 2024). The distribu-
tion of these REE dopants within the crystal is crucial, as 
it directly governs the material’s functional properties. For 

Introduction

Calcium fluoride (CaF₂), a naturally abundant mineral fluo-
rite, is widely used as a flux to lower melting points and 
remove impurities in the production of steel and aluminum, 
and as a key raw material for the production of hydrofluoric 
acid and various inorganic fluorides. Its high transparency in 
the UV and IR wavelengths makes it valuable in optics for 
the manufacture of lenses, windows and laser components. 
Due to their wide band gaps, many fluorides are transparent 
for a wide range of electromagnetic waves and are key mate-
rials for next-generation solid-state lasers (Li et al. 2024). 
Beyond optics, the excellent insulating properties of fluorite 
are being explored for applications in 2D electronics, where 
CaF₂ serves as a promising high-k dielectric material (Wen 
and Lanza 2021). In addition, fluorite is used as an addi-
tive in the ceramics and glass industries to increase stability 
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instance, the controlled segregation of REEs at grain or twin 
boundaries can lead to the formation of localized regions 
with distinct luminescent or catalytic characteristics. There-
fore, understanding the fundamental mechanisms that drive 
REE accumulation at twin boundaries is not only of geo-
chemical importance but also provides a potential pathway 
for the targeted design of advanced functional materials 
with enhanced properties. According to data presented in 
the monograph (Urusov et al. 1997), REEs indeed tend to 
accumulate at the grain boundaries of fluorite. This phenom-
enon can be explained by (i) the formation of nanoclusters 
containing REE atoms that are stable in defect regions of the 
crystal structure (Sulyanova and Sobolev 2022); (ii) the seg-
regation of impurities in areas of structural imperfections, 
such as dislocations, vacancies or grain boundaries, where 
imperfect atomic packing creates energetically favorable 
conditions for the incorporation of impurity atoms (Hiraga 
et al. 2003). Grain boundaries, as regions of enhanced free 
energy, act as traps for impurities, where segregation low-
ers the interfacial energy and relieves local structural distor-
tions (Priester 2013).

Segregation at ordered interfaces is also known in other 
classes of crystalline materials. In alloys, periodic segre-
gation of solute atoms at fully coherent twin boundaries 
has been observed at the atomic scale (Nie et al. 2013). In 
fluorite-related oxides, the relation between grain-boundary 
structure and defect or solute segregation has been stud-
ied for yttria-stabilized cubic zirconia and UO₂ (Shibata 
et al. 2002; Symington et al. 2019). These studies provide 
a broader materials-science context for considering REE 
accumulation at ordered boundaries in fluorite.

The ability of ordered grain boundaries in fluorite to trap 
REEs is of particular interest. In contrast to random high-
angle boundaries, these specific boundaries exhibit a peri-
odic arrangement of atoms and high structural coherence 

(Warrington 1974). Twinning on {111} is a known crys-
tallographic feature of fluorite: mineralogical descriptions 
report common interpenetrant twinning on {111}, and X-ray 
topographic studies of natural fluorite have shown that twin 
boundaries in interpenetrating twins can trap impurities and 
produce lattice distortions (Anthony et al. 2001–2005; Bes-
wick and Lang 1972). However, the specific (111) boundary 
presents a notable paradox. Atomistic models predict that in 
pure CaF₂, the formation of the (111) twin-boundary-related 
h-layer is energetically unfavorable due to strong F–F elec-
trostatic repulsion within its defect layer. At the same time, 
this boundary geometry is relevant for REE-bearing fluorite 
because of the similarity between the geometry of the cation 
sublattice in the defect layer and the structural motif of the 
aristotype of light lanthanoid trifluorides (e.g. LaF₃) (Shkur-
skiy 1998). Such structural similarity lowers the energy cost 
for substitution, creating a thermodynamically favorable 
site for REE incorporation. In this work, quantum-chemical 
modeling based on density functional theory (DFT) was 
employed to quantitatively investigate this stabilization 
mechanism by estimating the energetics of Ca²⁺ → La³⁺ sub-
stitution at the coherent (111) twin-boundary-related h-layer 
of CaF₂.

Crystal structures of fluorite and lanthanum 
trifluoride

Fluorite crystallizes in the cubic system (space group Fm-
3m). Its structure consists of a face-centered cubic (FCC) 
lattice of Ca2+ cations in which all tetrahedral sites are occu-
pied by F− anions (Fig. 1). Alternatively, the structure can 
be viewed as a 3D chessboard made of cubes (with F− ions 
at corners of the cubes) – such that cubes filled with Ca2+ 
ion and empty cubes alternate in 3D in the chessboard pat-
tern. Each Ca2+ ion is surrounded by eight F− ions in a cubic 
coordination (coordination number (CNCa) = 8). Each F− ion 
is coordinated by four Ca2+ ions in a tetrahedral arrange-
ment (CNF = 4) (Sobolev 2021).

CaF2, like many fluorite-type solids, exhibits high capac-
ity for isomorphous substitutions and defect tolerance 
(Sobolev 2000). The open nature of the fluorite structure, 
which contains large unoccupied cubic interstitial sites 
combined with the flexibility of the anion sublattice (which 
compensates for charge imbalances during substitution), 
allows the substitution of Ca2+ by cations of similar ionic 
radius (e.g., Y3+, La3+, U4+) without disrupting the structural 
framework. Fluorite-type structures also readily accommo-
date vacancies or interstitials, such as additional F− inter-
stitials introduced to compensate for the charge imbalance 
caused by the substitution of trivalent cations for Ca²⁺.

Lanthanum and cerium trifluorides, LaF3 and CeF3, crys-
tallize in the tysonite-type structure (sp. gr. P 3̄c1), which 

Fig. 1  Crystal structure of CaF2 with highlighted tetrahedral interstitial 
sites: blue and light-blue spheres represent Ca2+ cations and F− anions 
respectively. Visualization by VESTA (Momma and Izumi 2011)

 



1 3

Page 3 of 12     31 Physics and Chemistry of Minerals           (2026) 53:31 

is characteristic of light lanthanoids with large ionic radii 
(Sobolev et al. 2016). A key feature of this aristotype struc-
ture is that the Ln3+ cations form a hexagonal close pack-
ing (HCP) arrangement. The F − anions occupy interstitial 
sites such that each La3+ cation is coordinated by 11 fluo-
rine atoms. This coordination polyhedron is described as a 
pentacapped trigonal prism, consisting of 6 anions at the 
prism vertices and 5 capping anions located in the equato-
rial and axial positions (Sobolev 2021).

Both structure types, CaF₂ and LaF₃ can be described 
within the language of close packings, which explains the 
formation of coherent twin boundaries and syntactic (ori-
ented) intergrowths in the CaF₂-LaF₃ system. The structural 
relationship between the hexagonal LaF₃ (tysonite) and the 
hexagonal representation of the CaF₂ structure (the 2  H 
polytype, CaF₂_Hex) is illustrated in Table 1; Fig. 2.

Coherent twin boundaries arise when two twinned crys-
tals share a boundary plane with a high degree of lattice 
matching. Syntactic, or oriented, intergrowth refers to the 

ordered overlay of the crystal structure of one grain on the 
other while maintaining orientation coherence.

The twin boundary along the (111) plane in CaF₂ is a spe-
cial type of intergranular boundary known as a coincidence 
site lattice (CSL) with a parameter Σ = 3. The CSL model 
describes the coincidence of lattice nodes between two 
interpenetrating crystals at a specific misorientation angle. 
The parameter Σ describes the geometric compatibility of 
the lattices, representing the inverse density of coinciding 
nodes. A smaller Σ value corresponds to a higher density of 
matching nodes and often lower boundary energy (Randle 
2001). At this boundary, the crystal lattice undergoes mirror 
reflection relative to the (111) plane. Within the cation sub-
lattice, this creates a stacking fault, forming a single layer 
with a local HCP stacking sequence, (hereafter referred to 
as the h-layer), which is embedded within the bulk crys-
tal matrix that retains its normal FCC stacking (hereafter 
referred to as c-layers).

Since coherent twin boundaries in FCC crystals act as 
intrinsic stacking faults with local HCP symmetry, they 

Fig. 2  Crystal structures of the hexagonal CaF₂ polytype (left) and hexagonal LaF₃ (tysonite structure, right). The larger central spheres represent 
cations (Ca²⁺ and La³⁺) and the smaller spheres represent fluoride (F⁻) anions. Visualization by Diamond (Crystal Impact 2023)

 

Parameter Fluorite, CaF2 Tysonite, LaF3

Syngony and sp. gr.
cubic, F m

−
3 m Hexagonal, P

−
3 c1

Coordination number, [F]Me 8, cube 11, pentacapped trigonal prism
Distance Me-F, Å 2.38776(0) 2.73028(0)
Type of packing Cubic close-packed, FCC Hexagonal close-packed, HCP

Table 1  Comparison of CaF2 and 
LaF3 structures
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create a specific structural niche within the cubic matrix. 
Given that the cation sublattice of LaF₃ is also HCP-based, 
the twin boundary in CaF₂ effectively recreates the coor-
dination environment preferred by lanthanum, thereby pro-
moting its segregation.

In this h-layer, the local HCP stacking sequence forces 
the anion-centered coordination tetrahedra ( FCa4) to share 
faces, in contrast to the edge-sharing arrangement in the 
bulk fluorite structure. (Sobolev 2021). The modified coor-
dination of Ca²⁺ in the h-layer can influence the boundary’s 
properties, including its ability to concentrate impurities. In 
this layer, F−centered FCa4-tetrahedra connect via shared 
faces. This leads to strong electrostatic repulsion between 
closely spaced F⁻ anions in adjacent tetrahedra, resulting 
in the destabilization of the structure. Replacing Ca²⁺ with 
La³⁺ in the h layer requires charge compensation by the 
incorporation of additional F⁻ ions, which occupy trigonal 
interstitial sites within the h layer. This increases the coordi-
nation number of La³⁺ to 11, forming a penta-capped trigo-
nal prism (Fig. 3) - a coordination environment analogous to 
that found in lanthanoid trifluorides (e.g., LaF₃). While the 
F⁻-F⁻ repulsion still exists, it is effectively overcome by the 
much stronger La³⁺-F⁻ electrostatic attraction, leading to a 
net stabilization of the layer.

Computational methods

Density functional theory (DFT) was used as the main quan-
tum-chemical method for calculating the total energies and 
optimized atomic structures of the model systems. DFT is 
one of the standard approaches in computational materials 
science, where the total energy of an electronic system is 
treated as a functional of the electron density. In the Kohn–
Sham formulation, the interacting many-electron problem 
is replaced by an auxiliary system of non-interacting elec-
trons moving in an effective potential (Hohenberg and Kohn 
1964; Kohn and Sham 1965). This approach makes it pos-
sible to calculate equilibrium structures, relative energies 
and defect-related structural changes in crystals from first 
principles.

All calculations were performed using the Vienna Ab ini-
tio Simulation Package (VASP) (Kresse and Hafner 1993; 
Kresse and Furthmüller 1996a, b). The exchange–correla-
tion energy was described within the generalized gradient 
approximation using the Perdew–Burke–Ernzerhof func-
tional (Perdew et al. 1996). Electron–ion interactions were 
treated using the projector augmented-wave method (Blöchl 
1994; Kresse and Joubert 1999). The PAW datasets included 
11 valence electrons for La, 10 for Ca and 7 for F.

A plane-wave cutoff energy of 520 eV was used for all 
models. This value was chosen to provide a sufficiently 
accurate plane-wave basis for the considered Ca–F and 
La–F structures while keeping the calculations feasible 
for the largest supercells. The Brillouin zone was sampled 
using automatically generated k-point meshes with KSPAC-
ING = 0.15 Å⁻¹. This setting was used to keep a comparable 
k-point density for cells of different sizes along the [111] 
stacking direction.

Electronic self-consistency was reached using an energy 
convergence criterion of 10⁻⁴ eV. This criterion was used 
as a stable threshold for structural optimization of the rela-
tively large periodic models. To improve the stability of the 
self-consistent-field procedure for the ionic supercells, the 
charge-density mixing parameters were set to AMIX = 0.01 
and AMIN = 0.01. In addition, NELMDL = 6 was used to 
introduce an initial delay in the electronic relaxation, which 
helps stabilize the first electronic steps when the initial 
charge density and orbitals are still far from self-consistency.

Structural optimization was performed in two steps. First, 
the model structures were relaxed using the conjugate-gra-
dient algorithm (IBRION = 2), which was used as a robust 
initial relaxation scheme for structures that may be rela-
tively far from equilibrium. A Methfessel–Paxton smearing 
scheme of first order was used during this preliminary stage 
(ISMEAR = 1, SIGMA = 0.10 eV) to improve numerical sta-
bility during relaxation.

Fig. 3  Penta-capped trigonal prism, representing the coordination 
polyhedron of the La³⁺ cation in the tysonite (LaF₃) structure. This 
11-fold coordination environment is also adopted by lanthanum atoms 
at the (111) twin boundary. The central sphere is the La³⁺ cation, sur-
rounded by 11 F⁻ anions. Visualization by Diamond (Crystal Impact 
2023)
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After reaching the vicinity of the local minimum, an 
additional refinement relaxation was performed using the 
quasi-Newton algorithm (IBRION = 1), which is efficient 
for structures already close to equilibrium. In this final 
refinement step, Gaussian smearing was used (ISMEAR = 0, 
SIGMA = 0.10 eV), which is more appropriate for insulating 
CaF₂-based structures. The resulting refined structures and 
total energies were used for the energetic analysis discussed 
below.

In all relaxation steps, atomic positions, cell shape 
and cell volume were allowed to relax, corresponding to 
ISIF = 3. This setting was used because the introduction 
of h-layers and La–F structural fragments can affect both 
internal coordinates and lattice parameters. The maximum 
number of ionic steps was set to NSW = 500 to allow con-
vergence of the largest models. A small step-size scaling 
factor, POTIM = 0.02, was used to avoid excessively large 
ionic displacements during optimization. The relaxation was 
stopped when the forces became smaller than 0.001 eV·Å⁻¹, 
corresponding to EDIFFG = − 10⁻³ eV·Å⁻¹.

Two series of periodic model structures were considered: 
pure Ca–F polytypes and La-containing polysomes. The 
construction of these models, the definition of the dilution 
parameter x, and the geometrical parameters of the cells are 
described in the next section. The cell size along the [111] 
stacking direction was systematically varied to separate 
neighboring h-layers and to extrapolate the excess energies 
to the dilute limit.

Design of model structures

The model construction was aimed at testing a specific 
coherent (111) twin-boundary-related h-layer motif in the 
CaF₂–LaF₃ system. Because a grain boundary is not fully 
specified by the Sigma value alone (Randle 2001), both the 
boundary plane and the local stacking geometry were fixed 
explicitly in the model. The calculated energies discussed 
below therefore refer to this selected coherent h-layer 
geometry.

Two related series of periodic model structures were con-
structed (Fig. 4). The first series consists of pure Ca–F poly-
types and represents the (111) h-layer motif in pure CaF₂. 
The second series consists of La-containing polysomes and 
represents the same h-layer motif after Ca²⁺ → La³⁺ substitu-
tion with compensating incorporation of additional F⁻ ions 
(Aksenov et al. 2023). The use of two parallel series allows 
the energetic effect of La incorporation to be separated from 
the intrinsic energy cost of the pure h-layer.

The starting point for both series was a hexagonal repre-
sentation of the fluorite structure along the [111] direction. 
In this description, the cation sublattice is treated as a close-
packed sequence of Ca²⁺ layers. The normal cubic fluorite 

blocks preserve the ABCABC… stacking sequence and are 
denoted below as c-layers. A local reversal of the stacking 
sequence, written schematically as …ABC|CBA…, pro-
duces a mirror-related h-layer associated with the coherent 
(111) twin-boundary motif.

This stacking construction follows the crystal-chemical 
model proposed by Shkurskiy (1998) for REE-bearing flu-
orite. In that model, the atomic arrangement near a (111)-
type twin boundary is described by the (…A, BCB, A…) 
sequence obtained from the cubic (…ABCABC…) fluorite 
sequence by reflection. The selected geometry is also con-
sistent with interface-model generation for fluorite-structure 
compounds, where the Sigma 3 (111)/(111̄) interface was 
found to have a restricted set of in-plane rigid-body trans-
lations (Hinuma 2022). In the present work, the in-plane 
translation was therefore not treated as an independent vari-
able; the calculations were focused on the mirror-related 
h-layer geometry defined above.

In the pure polytype series, only Ca and F atoms were 
included. Fluoride ions were placed in tetrahedral interstices 
of the close-packed cation sublattice, as in the fluorite struc-
ture. In the h-layer, this construction leads to face-sharing 
FCa₄ tetrahedra and short F–F contacts. The pure polytype 
series was therefore used as a reference for estimating the 
energy cost associated with introducing the h-layer into the 
CaF₂ matrix.

The La-containing polysome series was constructed from 
the same stacking sequence. In the h-layer, Ca²⁺ cations 
were replaced by La³⁺, and additional F⁻ ions were intro-
duced near the h-layer to compensate the heterovalent sub-
stitution. This choice follows the fluorine-rich M₁₋ₓRₓF₂₊ₓ 
description of REE-bearing fluorite-type phases and allows 
the local coordination environment to approach the LaF₃-
like motif discussed in the previous sections. Alternative 
charge-compensation mechanisms, including Ca vacancies, 
are considered in the Discussion.

The model notation 1_C is used for a periodic structure 
containing one h-layer and C cubic c-layers per repeat unit. 
For these models, the dilution parameter x is defined as the 
fraction of h-layers in the stacking sequence, x = H/(H + C), 
where H = 1 for the series considered here. Increasing C 
therefore decreases x and separates neighboring h-layers 
by thicker cubic CaF₂ blocks. Representative members of 
the series, including the 1_3 and 1_9 models, are shown in 
Fig. 4.

The cell height along [111] was varied systematically to 
reduce the interaction between periodically repeated h-lay-
ers. The dilute-limit excess energy was then estimated by 
extrapolating the calculated energies as a function of x. This 
approach avoids assigning the energy of the boundary from 
a single finite cell and instead uses the trend obtained from 
the whole dilution series.
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In all models, the lateral parameters of the hexagonal 
cell in the boundary plane were derived from the opti-
mized cubic fluorite parameter as ah = bh = ac/

√
2. 

With ac ≈ 5.49 Å , this gives ah = bh ≈ 3.88Å. The cell 
height Cₕ along the [111] stacking direction was varied by 

changing the number of cubic c-layers between neighboring 
h-layers. Model parameters are presented in Table 2.

The initial structures generated from ideal close-packing 
rules contained very short F–F contacts in the h-layer. Such 
contacts are expected from the face-sharing arrangement 
of FCa₄ tetrahedra, but they can also make the first steps 
of geometry optimization unstable. Therefore, before DFT 
relaxation, only the starting geometries were adjusted by 
slightly changing the initial layer spacing and by placing F⁻ 
ions near the centers of their coordination polyhedra. These 
adjustments were used only to prepare physically reason-
able starting configurations. All final structures and energies 
were obtained after full DFT relaxation.

The relaxed structures obtained from these two series 
were used for the energy analysis in the following section.

Table 2  Representative model parameters used for the dilution series
Model H C x = H/

(H + C)
Cₕ, Å Structural meaning

1_1 1 1 0.50 6.34 High density of h-layers
1_3 1 3 0.25 12.68 Intermediate model shown in 

Fig. 4
1_5 1 5 0.1667 19.02 Intermediate dilution
1_7 1 7 0.125 25.36 Intermediate dilution
1_9 1 9 0.1 31.70 Diluted model shown in Fig. 4
1_11 1 11 0.0833 38.04 Most diluted model in the series

Fig. 4  Model structures employed in our calculations: blue, violet and 
green spheres represent Ca2+, F− and La3+ ions respectively. Structures 
shown are intermediate members (e.g., polytype 1_3 with C = 3 cubic 

layers and H = 1 hexagonal layer per lattice period) that illustrate the 
progressive dilution of the hexagonal defect layers within the cubic 
fluorite matrix. Visualization by Diamond (Crystal Impact 2023)
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Crystal-chemical potential

To quantitatively assess the energetic favorability of Ca²⁺ 
→ La³⁺ substitution at the (111) twin boundary in fluorite, 
we introduce the crystal-chemical potential, a quantity char-
acterizing the energy change in the crystal due to atomic 
substitution. Similar to the chemical potential of a com-
ponent in solutions, it determines the thermodynamic ten-
dency of cations to redistribute between phases or lattice 
sites (Wood and Fraser 1977). In this work, µ* is used as 
a model-dependent excess-energy parameter obtained from 
the dilute-limit extrapolation. The calculated crystal-chem-
ical potential reflects the cumulative impact of several key 
physical effects arising from the substitution. These effects 
include: 

1.	 Deformations caused by the difference in ionic radii 
between Ca²⁺ and La³⁺, and the resulting changes in 
interatomic distances near the substituted cation.

2.	 The restructuring of the cation’s coordination polyhe-
dron from an 8-fold cube (CaF₈) to an 11-fold penta-
capped trigonal prism (LaF₁₁), which alters the geometry 
of the coordination polyhedra and the distances between 
anions.

3.	 The necessity of charge compensation via an additional 
F⁻ anion during the Ca²⁺ → La³⁺ substitution, along with 
the subsequent redistribution of electron density at the 
boundary region.

4.	 The influence of ionic size on the local packing density 
and the potential formation of strained regions at the sub-
stitution sites.

As direct DFT calculations for systems with a large num-
ber of cubic layers (C) are computationally prohibitive, we 
used an analytical approach to determine the energy of an 
isolated twin boundary. We calculated the total energy E 
for a series of structures with varying defect concentrations 
(x = 1/(C + 1)) and then extrapolated these results to the limit 
of infinite dilution (x → 0).

This extrapolation relies on the concept of a “crystal-
chemical potential” (µ*), which is formally defined as the 
derivative of the system’s energy with respect to the defect 
concentration in the limit of infinite dilution:

µ ∗ = dE

dx
as x → 0

In practice, this value is determined by fitting a polynomial 
function to the calculated data points and finding the slope 
of the tangent to the curve at x = 0.

Analogous to the chemical potential of a component in 
a solution, the crystal-chemical potential µ* represents the 

energy change associated with introducing a single defect 
layer into the pure, defect-free crystal matrix. Therefore, its 
sign provides insight into the stability of the boundary: a 
positive value indicates an energy cost for defect formation, 
making the process unfavorable, while a negative value sig-
nifies that defect formation is energetically favorable.

Results

The DFT-calculated energies for the polytype and polysome 
series, referenced to the energy of bulk CaF₂, are presented 
in Table 3 and plotted as a function of defect concentration 
x in Fig. 5. By fitting these data and extrapolating to x → 
0, we determined the crystal-chemical potentials (µ*) for 
incorporating a pure hexagonal layer and a La-doped hex-
agonal layer into the CaF₂ matrix. The potentials were found 
to be:

µ ∗
(
CaFdef

2

)
= +1.3 (9) eV

Table 3  Energies of model structures relative to pure CaF2
x Polytype energy, eV Polysome energy, eV
0 0 0
0.0833 0.1173 −0.7351
0.1 0.1349 −0.8756
0.125 0.1670 −1.1251
0.1667 0.2163 −1.5209
0.25 0.3178 −2.2785
0.5 0.6129 −4.6457
1 1.1100 −9.5517

Fig. 5  Partial energy (referenced to pristine fluorite) as a function of 
composition. Black squares represent the calculated energies for the 
series of polytypes (pure CaF₂), while the red circles show the energies 
for the series of polysoms (La-doped). Solid lines represent the fitted 
polynomials. The blue lines indicate tangents to these curves at x = 0
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µ ∗
(
LaFdef

3

)
= −9.0 (0) eV

The positive value for the pure CaF₂ defect indicates that 
forming the twin boundary is energetically costly. Con-
versely, the large negative value for the La-doped defect 
shows a strong thermodynamic driving force for its 
formation.

To quantify the overall energy gain from substituting 
Ca with La at the boundary, we considered the following 
reaction:

CaFdef
2 + LaFhex

3 → LaFdef
3 + CaFcub

2

This reaction describes the process where a hexagonal LaF₃ 
unit 

(
LaFhex

3

)
 replaces a hexagonal CaF₂ unit at the defect 

boundary ( CaFdef
2 ), effectively transforming the defect 

layer from pure to La-doped.

The energy change for this reaction ( ∆ Esubst) can be 
calculated from the determined crystal-chemical potentials 
and the total energy of the hexagonal LaF₃ bulk structure. 
The energy of the defect layers is given by their potentials 
(µ*), while the energy of the bulk structures is taken rela-

tive to CaFcub
2  (E = 0). The DFT-calculated energy for bulk 

hexagonal LaF₃ ( LaF hex
3 ) is −9.552 eV.

Thus, the substitution energy is:

∆ Emol = [ E
(
LaFdef

3

)
+ E

(
CaFcub

2

)
] − [ E

(
CaFdef

2

)
+ E

(
LaFhex

3

)
]

Considering the normalization of energies to CaF2 energy 
(where E

(
CaFcub

2

)
= 0):

∆ Emol = [µ ∗
(
LaFdef

3

)
+ 0 ] − [ µ ∗

(
CaFdef

2

)
+ E

(
LaFhex

3

)
]

∆ Emol = [ −9.0(0 ) ] − [ +1.3(9) + (−9.55 ) ] ≈ −0.84 eV

The resulting negative energy of −0.8(4) eV indicates that 
the substitution of Ca by La at the (111) twin boundary is a 
strongly exothermic and thus highly favorable process.

Thermodynamic stability analysis

To rigorously evaluate the stability of the twin boundary in 
an open system where the local chemical composition can 
vary, we employed the thermodynamic formalism of the 
grand canonical ensemble. This approach, widely used for 
predicting surface and interface reconstructions with vari-
able stoichiometry (Zhu et al. 2013), allows us to determine 
the lowest-energy structure as a function of the chemical 
potential of the dopant.

The stability of a grain boundary supercell is determined 
by the grand canonical potential (Gibbs free energy of for-
mation), Ω , defined as:

Ω = 1
2A

(
Etotal −

∑
1

Niµi

)

where Etotal is the total DFT energy of the supercell, Ni 
is the number of atoms of species i ( Ca, F, La), and µ i is 
the atomic chemical potential.

Since the bulk matrix remains pure fluorite, the chemi-
cal potentials of calcium and fluorine are constrained by the 
equilibrium with bulk CaF2 ( µ Ca + 2µ F = Ebulk

CaF2
). The 

lanthanum dopant is assumed to be in equilibrium with a 
reservoir of LaF3, such that its chemical potential can be 
expressed relative to the bulk LaF3 phase:

µ La = Ebulk
LaF3

− 3µ F + ∆ µ LaF3

Here, ∆ µ LaF3  serves as the thermodynamic variable rep-
resenting the availability of lanthanum in the environment, 
ranging from the precipitation limit ( ∆ µ = 0) to dilute 
solid solutions ( ∆ µ < 0).

Substituting these constraints into equation for Ω  and 
considering the stoichiometric substitution mechanism 
( Ca2+ → La3+ + F −), the formation energy relative to 
the pure fluorite boundary can be expressed as:

Ω
(
∆ µ LaF3

)
= Erel − x · (Ebulk

LaF3
+ ∆ µ LaF3

)

Here, x is the dilution parameter ( x = 1/(C + 1)), repre-
senting the fraction of hexagonal stacking faults in the fluo-
rite matrix. For the polysome series, where the hexagonal 
layers act as segregation sites composed of LaF3 structural 
units, the parameter x also corresponds to the molar frac-
tion of lanthanum in the supercell. The term ∆ µ LaF3  rep-
resents the chemical potential of LaF3 relative to its bulk 
phase, ranging from the precipitation limit ( ∆ µ = 0) to 
dilute solid solutions ( ∆ µ < 0). Erel (x) is the DFT-cal-
culated energy of the supercell relative to pure bulk CaF2 
(Table 3).

Figure 6 illustrates the calculated stability diagram. The 
plot reveals a competition between the formation of pure 
stacking faults (polytypes, horizontal dashed lines) and La-
segregated boundaries (polysomes, solid sloped lines).

The formation energy of the pure twin boundary struc-
tures (dashed lines) is positive and independent of the La 
chemical potential. For the highest defect density ( x = 0.5
), this cost is approximately + 0.61 eV per formula unit, con-
firming that the formation of the considered h-layer motif is 
energetically unfavorable.
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The solid lines, representing the La-doped phases, show 
a negative slope, indicating that increasing the availabil-
ity of La stabilizes the structure. A crossover occurs at 
∆ µ ≈ −1.0 eV. At chemical potentials higher than this 
value (closer to zero), the La-doped structures become 
lower in energy than their pure counterparts, signifying that 
lanthanum trapping becomes thermodynamically favorable. 
Near the saturation limit ( ∆ µ ≈ 0), the La-doped phase 
with x = 0.5 exhibits an energy of ≈ +0.13 eV, which 
is significantly lower than the energy of the correspond-
ing pure polytype ( ≈ +0.61 eV). This energy difference 
( ∆ Ω ≈ −0.48 eV per formula unit) represents the total 
thermodynamic gain of the supercell. When normalized by 
the lanthanum concentration ( x = 0.5), this corresponds to 
a stabilization energy of roughly − 0.96 eV per substituted 
La cation. This value is consistent with the substitution 
energy of −0.8(4) eV calculated via the analytical method 
in the Results section, confirming a strong driving force for 
segregation.

To compare the excess energy of the pure h-layer with 
conventional interface energies, the dilute-limit parameter 
µ* was converted into an energy per unit area. In the pres-
ent normalization, µ* corresponds to one h-layer structural 
unit. The area of this unit in the (111) plane was estimated 
from the hexagonal in-plane parameter aₕ. For the cubic 
fluorite cell, ah = ac/

√
2 ; using the optimized value 

ac ≈ 5.49Å gives ah ≈ 3.88 Å . The corresponding area is 
A (111) = (

√
3/2) a2

h ≈ 13.0 Å
2. Thus, the value µ* ≈ 

1.35–1.39 eV obtained for the pure Ca–F series corresponds 
to γh ≈ 0.104 − 0.107 eV · Å

−2, or approximately 

1.66 − 1.71 J · m2. This value refers to the coherent mir-
ror-related h-layer motif considered in this work and should 
not be interpreted as a globally optimized energy of all pos-
sible Σ3{111} boundary configurations.

The local atomic structures after full DFT relaxation are 
shown in Fig. 7. In the pure Ca–F model, the selected F–F 
distance near the h-layer is 2.26 Å. In the La-containing 
model, the corresponding selected F–F distance increases 
to 2.48 Å. Both distances are shorter than the nearest-
neighbour F–F separation expected for ideal cubic CaF₂, 
which is approximately a_c/2 ≈ 2.75 Å for the optimized lat-
tice parameter used here. This comparison shows that the 
pure h-layer retains a more compressed anion arrangement 
after relaxation. In the La-containing model, the additional 
F⁻ anion is incorporated into the local La–F coordination 
environment, producing a fluorine-rich fragment related 
to tysonite-type LaF₃. This structural change is consistent 
with the lower excess energy of the La-containing polysome 
series.

Discussion and conclusions

The calculated energies support the crystal-chemical 
hypothesis that La incorporation can stabilize the coherent 
(111) twin-boundary-related h-layer motif in fluorite. In the 
pure CaF₂ model, formation of the h-layer is energetically 
costly, as reflected by the positive crystal-chemical poten-
tial of the pure Ca–F series. In contrast, the La-containing 
polysome series gives a negative excess-energy contribu-
tion within the same reference scheme. Thus, the energetic 

Fig. 6  Thermodynamic stability of 
the (111) twin boundary phases as 
a function of the chemical potential 
of LaF3. Horizontal dashed lines 
represent the formation energy of 
pure boundaries (Polytypes). Solid 
sloped lines represent the grand 
potential of La-doped boundaries 
(Polysomes)
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result should be interpreted as stabilization of the consid-
ered fluorine-rich LaF₃-like h-layer motif, rather than as a 
general statement about all possible Σ3{111} grain-bound-
ary structures in CaF₂.

The difference between the pure and La-containing mod-
els is consistent with the relaxed local structures. In the pure 
Ca–F model, the h-layer preserves a compressed fluorite-
related anion arrangement after relaxation. In the La-con-
taining model, the additional F⁻ anion is incorporated into 
the local La–F coordination environment, producing a fluo-
rine-rich fragment related to tysonite-type LaF₃. Therefore, 
the stabilization is not only associated with the replacement 
of Ca²⁺ by the larger La³⁺ cation, but also with the formation 
of a local coordination environment that is more suitable for 
La in a fluorine-rich structure.

The calculated h-layer energy should be understood with 
respect to the model construction used in this work. The 
present calculations do not represent an exhaustive search 
over all possible rigid-body translations, reconstructions, or 
alternative atomic densities of a Σ3{111} boundary. Instead, 
they test a specific mirror-related h-layer geometry derived 
from the crystal-chemical model of REE-bearing fluorite. 
This distinction is important because the atomic structure 
and energy of grain boundaries are not determined by the Σ 
value alone; they also depend on the boundary plane and the 
local interfacial geometry.

The charge-compensation mechanism considered here is 
also model-specific. In the polysome series, Ca²⁺ → La³⁺ 
substitution is compensated by additional F⁻ anions. This 
choice follows the fluorine-rich M₁₋ₓRₓF₂₊ₓ trend known for 
REE-bearing fluorite-type nonstoichiometric phases and is 
required for the formation of the LaF₃-like local boundary 
fragment considered in this work. The preference for inter-
stitial-F⁻ compensation is also consistent with the defect 
chemistry of bulk CaF₂. In fluorite, anion Frenkel disor-
der is considerably less costly than cation-sublattice disor-
der: reported formation energies are 2.6–2.7 eV for anion 
Frenkel pairs and 8.5–9.2  eV (Catlow and Norgett 1973) 

for cation Frenkel pairs. Interstitial fluoride ions are also 
known as charge-compensating defects for trivalent rare-
earth dopants in CaF₂ (Huisinga 1998). Therefore, although 
Ca-vacancy compensation cannot be excluded under other 
chemical-potential conditions, the interstitial-F⁻ mechanism 
used here is the more natural choice for constructing a flu-
orine-rich LaF₃-like boundary fragment. Calcium-vacancy 
compensation is possible in principle under different chemi-
cal-potential conditions. However, such a mechanism would 
produce a cation-deficient boundary environment rather 
than the fluorine-rich La–F coordination motif studied here. 
A direct comparison between interstitial-F⁻ and Ca-vacancy 
compensation would require additional defect models and a 
separate chemical-potential analysis.

The polysome models used in this work should be 
regarded as ordered periodic approximants to La-enriched 
h-layers. They do not sample all possible dilute, partially 
occupied, or laterally disordered La configurations along an 
extended boundary. In natural fluorite, several REE species 
may also be present simultaneously, and their distribution 
may depend on ionic radius, local boundary structure and 
the charge-compensation mechanism. The present calcula-
tions were performed for La as a representative large tri-
valent cation and do not resolve competitive segregation 
between different REEs. Testing these effects would require 
larger lateral supercells and additional calculations for dif-
ferent REE species and defect configurations.

The results are consistent with reports that REEs tend 
to accumulate at grain boundaries in fluorite and with the 
crystal-chemical model in which REE-bearing, tysonite-like 
fragments may be associated with twin-boundary-related 
defects. At the same time, the present work does not claim 
direct experimental observation of the exact La-decorated 
atomic structure studied here. Rather, it provides a DFT-
based energetic test of a crystallographically and crystal-
chemically motivated mechanism for La stabilization at the 
coherent (111) h-layer motif.

Fig. 7  Local atomic structures 
of the h-layer region after full 
DFT relaxation: a La-containing 
h-layer with charge compensa-
tion by an additional F⁻ anion and 
b pure Ca–F h-layer. blue, violet 
and green spheres represent Ca2+, 
F− and La3+ ions respectively. The 
selected F–F distances near the 
h-layer are shown. Visualization by 
Diamond (Crystal Impact 2023)
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In summary, the calculations indicate that La incorpo-
ration together with additional F⁻ can reduce the energetic 
cost of forming the considered coherent h-layer in CaF₂. 
This provides a possible atomistic mechanism for REE 
enrichment at twin-boundary-related defects in fluorite and 
motivates further experimental studies of REE distributions 
at fluorite twin boundaries.
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