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ABSTRACT

Finding new efficient thermoelectric materials is a significant challenge for materials science. It is crucial to have a comprehensive
understanding of material-property relationships to develop new materials successfully, given that minor structural or compositional changes
can result in significant property changes. This paper extensively utilizes advanced theoretical approaches and investigates the impact of n-
and p-type impurities on the mechanical characteristics of PbTe thermoelectric materials. n- and p-type doping of PbTe were studied using
various techniques, including elastic tensor calculations, crystal orbital Hamilton population method, and local vibrational theory. Our find-
ings reveal the specific ways in which doping type affects the material’s mechanical properties. This information can aid researchers in opti-
mizing PbTe doping strategies.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0185002

More than 70% of the global energy consumption is lost as waste
heat released into the environment.1 These heat losses can be trans-
formed into electricity using thermoelectric generators (TEGs).
Thermoelectric devices are used for solid-state refrigeration and energy
conversion in bulk form.2,3 To maximize performance of these devices,
thermoelectric materials should be n- and p-doped with a typical
charge carrier concentration �1020 cm–3. On the other hand, a high
concentration of dopant impurities introduces disturbances into the
crystal structure, which ultimately affects the mechanical properties of
the material. This parameter, along with the figure of merit, the so-
called parameter ZT of the thermoelectric material, is very important
for real energy applications: thermoelectric generators (TEGs). In
TEGs, the active legs from n- and p-type effective thermoelectric mate-
rial experience heavy mechanical stresses due to a difference in tem-
perature up to 500–600K on the ends of legs.4–9

Lead telluride PbTe is a well-known thermoelectric material
showing high efficiency in the medium temperature range.9–11 Over
the past few decades, significant improvements in thermoelectric

performance have been achieved in p-type and n-type PbTe.12–16 In
particular, a high figure of merit, ZT, of about 2.5 and 2, was achieved
in p-type and n-type PbTe, respectively.17–20 The main drawback of
using p-type PbTe compared with n-type PbTe is its high brittleness
that restricted its widespread use. In particular, previous works21,22

showed that n-type PbTe has much greater bending strength and is
more ductile than p-type PbTe.

Two hypotheses were proposed to explain the brittle behavior of
p-type PbTe. The first one claims that stiffening in a material comes
from heavy R valence band of PbTe. In particular, a heavy mass R
band lies below the lighter valence band maximum in PbTe by 0.2 eV
(corresponding to a temperature of 300K).23–25 Increased temperature
leads to increased concentration of hole carriers that enhances the con-
tribution of the R band to electronic transport, leading to an increased
density of states (DOS), effective masses, and valley degeneracy.23–25 A
previous study21 noted that hardness and hole effective mass both
increased at the same carrier concentrations in Na-doped p-type PbTe
and speculated that R-band contributions may stiffen the bonds.
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The second hypothesis is that the brittleness of p-type PbTe arises
from the solid solution strengthening by p-type dopant substitution.
The addition of dopants with a large ionic size mismatching that of
their host sites creates local strain. The strain field may strongly inter-
act with dislocations, raising the stress needed to break dislocations
free.26,27 It was found that alloying of Na-doped PbTe (p-type) with
Cd increases the hardness compared to PbTe doped with only Na.26

However, doping of p-type with Sn leads to lower hardening of PbTe
compared with Na-type doping.21,22 These results support the first
hypothesis because adding Sn to PbTe increases the L-R gap and
reduces R contributions to transport, while Cd does the opposite.28,29

However, Male et al.30 showed that the brittleness of PbTe correlates
with dislocation density. The authors noticed that Cu and Ag dopants
in Pb-rich PbTe provide a unique example of brittleness in n-type
PbTe, which may stem from a combination of low doping efficiency,
high diffusivity, and highly strained defect environments in the n-type
interstitial configuration.

In this work, we study the origin of brittle behavior of n- and
p-type PbTe by using density functional theory (DFT), crystal
orbital Hamilton population (COHP) method, local vibrational
theory, etc. The obtained results offer insights into the mechanism
of brittle behavior of PbTe due to doping by p- and n-type
impurities.

All DFT calculations were performed by using the Vienna ab ini-
tio simulation package (VASP) with plane wave basis sets.31–33 The
Perdew–Burke–Ernzerhof parametrization for exchange-correlation
functionals (PBE and PBEsol) were used.34,35 Our convergence tests
showed that an energy cutoff of 550 eV gives an excellent convergence
on energies and forces. The electronic self-consistency threshold was
set to 1� 10–6eV.

Crystal orbital Hamilton population (COHP) method was used
to study the chemical bonding between atoms in doped PbTe. To
extract information about chemical bonding from the electronic den-
sity of states (DOS) of a crystal, the crystal orbital overlap population
(COOP), was used. Crystal orbital Hamilton population (COHP) is
another function that we used, and its sign (opposite to that of COOP)
distinguishes bonding states from antibonding.

COHP has allowed one to obtain the information about bond-
ing and anti-bonding states in a simple manner. The mathematical
form of the COHP is very similar to that of a projected DOS equa-
tion, but the density-of-state matrix is weighted by the Hamilton
matrix elements. For a periodic crystal, it can be defined as
follows:36

COHPABðeÞ ¼
X
�2A

X
l2B

COHPl�ðeÞ; (1)

COHPl�ðeÞ ¼ 2
VBZ

ð
BZ
Hl�ðkÞ

X
j

c�ljðkÞc�jðkÞdðe� ejðkÞ
� �

dk; (2)

where Hl�ðkÞ is the Hamiltonian matrix in reciprocal space, cljðkÞ
are the expansion coefficients of the jth occupied crystal orbital
with the energy ejðkÞ in terms of Bloch functions numbered in the
same way, as atomic orbitals, by the subscript l or �. Integration
over k in the Eq. (2) is performed in the Brillouin zone (BZ) with
the volume VBZ.

In the course of this study, COHP calculations were carried out
using the LOBSTER algorithm,37 and further consideration of the

contribution of each orbital to the total binding energy was carried out
using the Dragon software package.

Local stretching force constants estimate the bond strength38 and
were determined by using the LModeA-nano plugin.39 To determine
the local stretching, the VASP package33 was used together with the
PAW method40 with an 8� 8� 8 C-centered Monkhorst–Pack41 k-
point grid. The kinetic energy cutoff was set to 700 eV, and all calcula-
tions were converged until the acting net forces were not greater than
0.001 eV/Å. Both kinetic energy cutoff and density of k-point grid
were defined according to the convergence test. We tested denser k-
point grids and higher energy cutoffs, but no significant modifications
in the total energy and lattice parameters were observed. The
Perdew–Burke–Ernzerhof functionals (PBE and PBEsol) with general-
ized gradient approximation (GGA) exchange-correlation34 were used
for calculations of stretching force constants of studied compounds.
We considered pure PbTe supercell 12.88� 12.88� 12.88 Å3 (32 Pb
atoms, 32 Te atoms) and the doped structure (one impurity atom per
64-atom cell, concentration of 4.67 � 1020 cm–3). At the first step, all
considered supercells were relaxed using the VASP package. Second,
the structural displacements were created using the Phonopy pack-
age;42 their force evaluations were calculated. Third, all results on the
calculated forces were analyzed to obtain the Hessian matrix and force
constants data. At the final step, optimized geometries and their force
constants were utilized to obtain local force constants using the
PyMOL visualization system. Local vibrational mode theory allows
one to obtain the values of local stretching force constant for each pair
of atoms to be derived from the full Hessian matrix fx38 as

kan ¼ ðdnðKÞ�1dTn Þ�1; (3)

where dn and K are determined via dn ¼ bnC and superscript T
represents the matrix transpose. K ¼ CT fxC, C is the matrix collec-
tion of Nvib eigenvectors column-wise. In our study, we calculated
local stretching force constants from the finite displacement
method because our system is too expensive to compute the full
Hessian matrix f x.

Male et al. reported30 that PbTe degrades due to changes in its
plasticity. We performed DFT calculations of mechanical characteris-
tics of doped PbTe (n- and p-type) to determine the influence of dop-
ant on plasticity and ductility. For p-type dopants, we chose Na, K, Ag,
Cu impurities that substitute one Pb atom in the considered 64-atom
cell. These types of dopants are often used to improve the thermoelec-
tric p-type properties of PbTe.21,43–45 n-type doping was simulated by
using Bi and Sb (Pb substitution) and Br, Cl, and I (Te substitution).
These dopants are routinely used to improve the thermoelectric n-type
properties of PbTe.46–50

For all considered dopants, the Pugh–Pettifor51 criterion was cal-
culated as shown in Fig. 1. One can clearly see two isolated sets of data
corresponding to n- (green circles) and p-type impurities (orange dia-
monds). Calculated values of the elastic constants and elastic moduli
are presented in Table S1 in the supplementary material. The n-type
impurities make PbTe more ductile, less susceptible to fracture. The
ionic radius of the dopant does not affect30 the ductility of the material
because the difference between the Shannon radii of Pb and Na (p-
type) or Bi (n-type) atoms is approximately �0.16 and �0.17 Å, as
was shown by Male et al.30

The Bi, Sb (n-type) and Na, K (p-type) impurities that substitute
the Pb atom in PbTe were chosen for further investigation of the
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mechanical properties in more detail. Figure 2(a) shows the considered
supercells of undoped and doped PbTe. For these types of dopants, we
have calculated the electron localization function (ELF), as indicated
in Fig. 2(b). One can clearly see the deficiency of electrons in the
p-type PbTe (Na and K) compared with n-type. Furthermore, from
the charge density plotted for the conduction band minimum, one
can see the additional electron density on the n-type dopants, as shown
in Fig. S2 (see the supplementary material). It might be a key for
understanding the brittle behavior of n-type and p-type doped
PbTe.52–56

To understand the influence of dopants on the mechanical prop-
erties of the PbTe structure, we employed the local vibrational theory
for local stretching force constants. As shown in Fig. 3, we virtually cut
the 3D cell of the doped PbTe structure into two regions, namely A
and B. Region A included the first atomic layer from the dopant in
each direction. Region B surrounds the second atomic layer from the

dopant, as demonstrated in Fig. 3. It is essential to quantify the evalua-
tion of the dopant influence on the first-line atom and on the second
one of the cell structure.

We selected four types of interactions (interactions 1, 2, 3, and 4
in Fig. 3) between atoms within the first atomic layer, denoted as A.
Local stretching force constants, kan, were calculated for considered
interactions, summarized in Table S2 in the supplementary material.
Presumably, the strongest influence of the dopant is observed for inter-
action between X and Te (interaction 1 in Fig. 3), since the distance
between these atoms is the smallest. Local mode force constants of this
interaction for Pb, Bi, Sb, Na, and K are 0.169, 0.153, 0.061, 0.141, and
0.314 mdyn/Å, respectively, (Table S5 in the supplementary material).

To compare local stretching force constants between interaction
in the first and second atomic layers, we studied the next five interac-
tions denoted as 5, 6, 7, 8, and 9 in Fig. 3. The calculated values of
stretching force constants for these interactions are also shown in
Table S5 in the supplementary material. We can assert that the substi-
tution of Pb by dopant atoms demonstrates a much more significant
influence in interaction 5, which refers to the Pb–Te bond located in
the second atomic layer. There is the following order of dopants by
their strength (kan, mdyn/Å): K, Na (0.361, 0.228) < Pb (0.169) < Bi,
Sb (0.129, 0.052).

For all dopants, the values of the ratios of the interaction from
atomic layer A to atomic layer B were calculated to understand the
qualitative influence (Fig. 3 and Table I). These ratios are crucially
important. One can discover that Na and K doping increases stretch-
ing constants of interaction 5 by a factor of 1.62 and 1.15, respectively,

FIG. 1. Correlation between (C12–C44)/B and G/B, where B is the bulk modulus,
and G is the shear modulus. Top left points correspond to more ductile materials,
while bottom right points correspond to more brittle ones. Pugh criterion was calcu-
lated for pristine PbTe.

FIG. 2. (a) Crystal structure of considered supercells of undoped and doped PbTe.
(b) Electron localization function of doped PbTe.

FIG. 3. Different interactions considered in the doped PbTe. The dopant atom and
the interactions between the neighbors from the first atomic layer (denoted as A)
are shown in red. The neighbors from the second atomic layer is highlighted by the
blue square (denoted as B).

TABLE I. The ratios of stretching force constants from atomic layers A to B for all
considered dopants.

Ratio PbTe BiPb(n) SbPb(n) NaPb(p) KPb(p)

5 to 1 1.00 0.84 0.85 1.62 1.15
6 to 4 1.00 1.01 1.40 1.10 1.13
8 to 2 1.00 0.93 1.08 1.28 1.01
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compared with interaction 1, see Table I. So, the p-type doping is dom-
inated by ratios much greater than that for undoped PbTe for all con-
sidered interactions. It is worth noting that the n-type impurities
behave qualitatively opposite to p-type ones. This directly correlates
with the Pugh–Pettifor criterion, Fig. 1. The difference between short-
and long-range bonding force constants in doped structures qualita-
tively defines the influence of n- and p-type metal impurities on the
brittle behavior of PbTe. Comparison between stretching force con-
stants calculated by using PBE and PBEsol functionals are shown in
the supplementary material.

To comprehensively study the effect of strengthening, we cal-
culated the crystal orbital Hamilton populations (COHPs). When
PbTe is p-doped (Na, K), there is a hybrid interaction between the
s-orbitals of the dopant and the p-orbitals of Te, resulting in the
formation of a relatively strong bond [Figs. 4(a) and 4(d)], but still
less strong than those found in pure PbTe. Sodium impurity leads
to the shift toward bonding states at the Fermi level; see Fig. 4(b).
Similar situation is observed for K in Figs. 4(d) and 4(f). However,
since the p electrons need to decrease their energy to interact with
the s electrons, such bonds are instantly destroyed if the energy is
increasing because of some external influence (pressure or temper-
ature). This explains the sharp brittle destruction of PbTe with p-
type doping (e.g., Na21).

In the case of n-type doping (Sb, Bi) the p and s orbitals of the
dopant atoms are partially filled with electrons, and Te electrons are

forced to occupy the anti-bonding orbitals [Figs. 5(a) and 5(d)].
Similar results were obtained for Sb [Figs. 5(e) and 5(f)] where the
interaction of the 5p-orbitals of Sb with the 5pz-orbitals of Te makes a
significant contribution to the anti-bonding states. The same results
were observed in the case of n-type PbTe when Te atom was replaced
by atoms I, Br, and Cl (see Fig. S3 in the supplementary material).
Thus, according to our analysis, we can conclude that the bond is
weakened, while the material becomes more plastic and can better
withstand various mechanical stresses with much smoother destruc-
tion than in the case of p-doped PbTe.

In conclusion, we performed a comprehensive study of the influ-
ence of n- and p-type impurities in PbTe thermoelectric material on
the brittle behavior by employing density-functional calculations.
Calculations of the correlations between (C12–C44)/B and Pugh modu-
lus allowed us to state that p-doping leads to increase in brittleness of
the material. Several dopants (Bi, Sb, Na, K) were then studied by using
crystal orbital Hamilton population (COHP) and the local vibrational
theory. These methods allowed us to obtain qualitative and quantita-
tive results on the origin of the ductile behavior of n-type PbTe and
the brittle behavior of p-type PbTe. The reason for the ductile behavior
is the presence of an excess of electrons localized on the impurity
atoms occupying the anti-bonding orbitals. This weakens the bond
and the material becomes more plastic (more ductile). At the same
time, our results showed the formation of stronger bonds in the case of
p-type doping. This is caused by the fully occupied bonding orbitals in

FIG. 4. (a) and (d) Electronic structure of the PbTe doped with the p-type dopant; (b) and (e) COHP diagrams for the interaction 1 between the dopant atom and the nearest Te
atom; and (c) and (f) COHP diagrams for the interaction 5 on Fig. 3.
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the absence of anti-bonding. Our findings explain, from the chemical
point of view, the emergence of weak interatomic bonds in PbTe and,
in general, can be applied to other thermoelectric materials.

See the supplementary material for a description of calculations
of local stretching force constants, elastic moduli, charge density, and
COHP for the studied doped PbTe compounds.
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